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Mixing matrices of leptons and quarks

Lepton mixing is close to tri-bimaximal mixing:
θ12 ≃ 35.3◦, θ23 = 45◦, θ13 = 0◦ Harrison, Perkins, Scott 2002
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(θ12 ∼ 34◦, θ23 ∼ 42◦, θ13 ∼ 6.8◦

M.C. G-Garcia, M. Maltoni, J. Salvado, arXiv:1001.4524)

CKM matrix:

|VCKM | =

0.97419 ± 0.00022 0.2257 ± 0.0010 0.00359 ± 0.00016
0.2256 ± 0.0010 0.97334 ± 0.00023 0.0415+0.0010

−0.0011

0.00874+0.00026
−0.00037 0.0407 ± 0.0010 0.999133+0.000044

−0.000043


(θ12 ≃ 13◦, θ23 ≃ 2.4◦, θ13 ≃ 0.21◦ PDG 2008)
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Basic structure of S4

S4 is the permutation of four elements or rotations of cube
Fundamental representations are 11, 12, 2, 31, and 32.

h 11 12 2 31 32

C1 1 1 1 2 3 3
C3 2 1 1 2 −1 −1
C6 2 1 −1 0 1 −1
C6′ 4 1 −1 0 −1 1
C8 3 1 1 −1 0 0

• Multiplication rules with triplet

31 × 31 = 11 + 2 + 31 + 32, 32 × 32 = 11 + 2 + 31 + 32,

31 × 32 = 12 + 2 + 31 + 32, 31 × 2 = 31 + 32,
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S4 × Z4 SUSY GUT model

quark and lepton right handed neutrino

(F1, F2, F3) (T1, T2) T3 (Nc
e , Nc

µ) Nc
τ

SU(5) 5̄ 10 10 1 1
S4 31 2 11 2 12

Z4 i −i −1 1 1
U(1)F 0 1 0 1 0

Higgs scalar FN field

H5,5̄ H45 χu χN χD χℓ χ′
ℓ χ Φ

SU(5) 5, 5̄ 45 1 1 1 1 1 1 1
S4 11 11 2 2 32 31 31 11 11

Z4 1 −1 −i 1 −i −1 i i 1
U(1)F 0 0 −1 −2 0 0 0 −1 −1

cf. B. Dutta, Y. Mimura, R. N. Mohapatra, arXiv:0911.2242
C. Hagedorn, S. F. King, C. Luhn, arXiv:1003.4249

R.d.A. Toorop, F. Bazzocchi, L. Merlo, arXiv:1003.4502
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Dirac neutrino¶ ³
• (Nc

e , Nc
µ)LχDHu/Λ,

(Nc
e , Nc

µ) L χD

S4 2 31 32

Z4 1 i −i

• Nc
τLχDHu/Λ,

Nc
τ L χD

S4 12 31 32

Z4 1 i −iµ ´

Majorana neutrino¶ ³
• (Ne , Nµ)2Φ2/ΛΛ̄2, N2

τ

(Ne , Nµ) Nτ

S4 2 12

Z4 1 1

• (Ne , Nµ)2χN

(Ne , Nµ) χN

S4 2 2
Z4 1 1µ ´

VEVs are written as ⟨χD⟩ = (αD1 , αD2 , αD3)Λ and ⟨χN⟩ = (αN1 , αN2)Λ,

MD = vu
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Neutrino

⟨χD⟩ = αD(1, 1, 1)Λ, ⟨χN⟩ = (0, αN)Λ.

MD = vuαD
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With the see-saw mechanism

Mν =
b + c

2

1 0 0
0 1 0
0 0 1

 +
3a − b

3

1 1 1
1 1 1
1 1 1

 +
b − c

2

1 0 0
0 0 1
0 1 0


This matrix leads tri-bimaximal mixing

a =
(yD

2 αDvu)
2

M
, b =

(yD
1 λαDvu)

2

yN
1 λ2Λ̄ + yN

2 αNΛ
, c =

(yD
1 λαDvu)

2

yN
1 λ2Λ̄ − yN

2 αNΛ
.
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Dirac and Majorana neutrinos including next-to-leading terms

For Dirac neutrinos

MD = vu
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For Majorana neutrinos
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∼ O(10−2)
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Numerical analysis of lepton mixing
(Charged lepton is diagonal)
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• When sin2 θ12 ≥ 0.335,
θ13 & 0.05

• When sin2 2θ23 ≤ 0.99,
θ13 & 0.05
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Charged lepton¶ ³
• (Rc

e , Rc
µ)LχℓH45Φ

2/ΛΛ̄2,

(Rc
e , Rc

µ) L χℓ H45

S4 2 31 31 11

Z4 −i i −1 −1

• Rc
τLχ′

ℓHd/Λ,
Rc

τ L χ′
ℓ

S4 11 31 31

Z4 −1 i iµ ´
VEVs are ⟨χℓ⟩ = (αℓ1 , αℓ2 , αℓ3)Λ, ⟨χℓ′⟩ = (αℓ′1

, αℓ′2
, αℓ′3

)Λ

Mℓ = −3y1λv45

 0 αℓ2/
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Down-type quarks are related to charged letptons due to SU(5)

Down-type quarks¶ ³
• (Q1, Q2)D

cχℓH45Φ
2/ΛΛ̄2,

(Q1, Q2) Dc χℓ H45

S4 2 31 31 11

Z4 −i i −1 −1

• Q3D
cχ′

ℓHd/Λ,
Q3 Dc χ′

ℓ

S4 11 31 31

Z4 −1 i iµ ´
VEVs are ⟨χℓ⟩ = (αℓ1 , αℓ2 , αℓ3)Λ, ⟨χℓ′⟩ = (αℓ′1

, αℓ′2
, αℓ′3

)Λ

Md = y1λv45

 0 −2αℓ1/
√
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2 αℓ2/
√
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Charged leptons and down-type quarks

We take the alignment of VEVs as follows
⟨χℓ⟩ = (0, αℓ, 0)Λ, ⟨χ′

ℓ⟩ = (0, 0, αℓ′)Λ,

Ml =

0 − 3y1λαℓv45√
2

0

0 − 3y1λαℓv45√
6

0

0 0 y2αℓ′vd

 , Md =

 0 0 0
y1λαℓv45√

2

y1λαℓv45√
6

0

0 0 y2αℓ′vd



M†
l Ml = v2

d

0 0 0
0 6|ȳ1λαℓ|2 0
0 0 |y2αℓ′ |2

 , M†
dMd = v2

d |ȳ1λαℓ|2


1
2

1
2
√

3
0

1
2
√

3
1
6 0

0 0 |y2αℓ′ |
2

|ȳ1λαℓ|2


m2

e = 0, m2
µ = 6|ȳ1λαℓvd |2, m2

τ = |y2αℓ′vd |2
m2

d = 0, m2
s = 2

3 |ȳ1λαℓvd |2, m2
b = |y2αℓ′vd |2 (ȳ1 = y1v45/vd)

θd
12 = 60◦ and other angles are zero
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Including next-to-leading terms,
charged leptons and down-type quarks become

Ml =

ϵ11 −3y1λαℓv45/
√

2 + ϵ12 ϵ13

ϵ21 −3y1λαℓv45/
√

6 + ϵ22 ϵ23

ϵ31 ϵ32 y2αℓ′vd + ϵ33

 ,

Md =

 ϵ̄11 ϵ̄12 ϵ̄13√
3ms

2 + ϵ̄21
ms

2 + ϵ̄22 ϵ̄23

ϵ̄31 ϵ̄32 y2αℓ′vd + ϵ̄33


ϵmn ∼ O(αiαj)vd , αi ∼ O(10−2)

ϵ11 = (y∆b
αDα − 3ȳ∆c2

αuαD)vd , ϵ21 = −3ȳ∆c1
αuαDvd ,

ϵ̄11 = (y∆b
αDα − 3ȳ∆c2

αuαD)vd , ϵ̄21 = ȳ∆c1
αuαDvd , · · ·

Since m2
e = 3

2 ( 1
6ϵ2
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3
ϵ11ϵ21 + 1

2ϵ2
21), m2

d = 3
2 ( 1

6 ϵ̄2
11 − 1√

3
ϵ̄11ϵ̄21 + 1

2 ϵ̄2
21),

m2
e : m2

d = 1 : 9 when α = − 5(
√

3ȳ∆e1
−ȳ∆e2

)

y∆d
αu or α = − 2(

√
3ȳ∆e1

−ȳ∆e2
)

y∆d
αu

θl
12 ∼ (me/mµ), θl

13 ∼ (me/mτ ), θl
23 ∼ (memµ/m2

τ )
θd
12 ∼ (md/ms), θd

13 ∼ (md/mb), θd
23 ∼ (md/mb)
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Up-type quarks¶ ³
• (Q1, Q2)T

cχuHu/Λ,
(Q1, Q2) T c χu

S4 2 11 2
Z4 −i −1 −i

• Q3(U
c , C c)χuHu/Λ,

Q3 (Uc , C c) χu

S4 11 2 2
Z4 −1 −i −i

• Q3T
cHu

Q3 T c

S4 11 11

Z4 −1 −1

• (Q1, Q2)(U
c , C c)χ2

uHu/Λ2,
(Q1, Q2)(U

c , C c)χ2Hu/Λ2

(Q1, Q2) (Uc , C c) χu χ

S4 2 2 2 11

Z4 −i −i −i −iµ ´
VEVs are ⟨χu⟩ = (αu1 , αu2)Λ, ⟨χ⟩ = αΛ,

Mu = vu

 A + B yu
∆a2

αu1αu2 yu
1 αu1

yu
∆a2

αu1αu2 A − B yu
1 αu2

yu
1 αu1 yu

1 αu2 yu
2

 ,

where A = yu
∆a1

(α2
u1

+ α2
u2

) + yu
∆b

α2, B = yu
∆a2

(α2
u1
− α2

u2
)

Hajime Ishimori Quark and lepton flavor mixing in S4 flavor symmetry



. . . . . .

Up-type quarks

⟨χu⟩ = αu(1, 1)Λ, ⟨χ⟩ = αΛ

Mu = vu

2yu
∆a1

α2
u + yu

∆b
α2 yu

∆a2
α2

u yu
1 αu

yu
∆a2

α2
u 2yu

∆a1
α2

u + yu
∆b

α2 yu
1 αu

yu
1 αu yu

1 αu yu
2



mu = ((2yu
∆a1

− yu
∆a2

)α2
u + y∆b

α2)vu,

mc = ((2yu
∆a1

+ yu
∆a2

)α2
u + y∆b

α2)vu − 2
yu
1

2

yu
2

α2
uvu, mt = |yu

2 |vu

θu
12 = 45◦, θu

13 = 0◦, and θu
23 ≃

√
mc/mt
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CKM matrix

Uu ≃

 cos 45◦ sin 45◦ 0
− sin 45◦ cos 45◦ 0

0 0 1

1 0 0
0 e−iρ 0
0 0 1

1 0 0
0 rt rc
0 −rc rt

 ,

Ud ≃

 cos 60◦ sin 60◦ 0
− sin 60◦ cos 60◦ 0

0 0 1

 1 θd
12 θd

13

−θd
12 − θd

13θ
d
23 1 θd

23

−θd
13 + θd

12θ
d
23 −θd

23 − θd
12θ

d
13 1

 .

where rt =
√

mt/(mc + mt) and rc =
√

mc/(mc + mt)
Then CKM matrix is

V 0 = U†
uUd ≃

1 0 0
0 rt −rc
0 rc rt

 1 0 0
0 e iρ 0
0 0 1

  cos 15◦ sin 15◦ 0
− sin 15◦ cos 15◦ 0

0 0 1


×

 1 θd
12 θd

13

−θd
12 − θd

13θ
d
23 1 θd

23

−θd
13 + θd

12θ
d
23 −θd

23 − θd
12θ

d
13 1

 .

Vus ∼ sin 15◦, Vub ∼ 0, Vcb ∼ rc ≃ 0.048
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V 0
us ≃ θd

12 cos 15◦ + sin 15◦,

V 0
ub ≃ θd

13 cos 15◦ + θd
23 sin 15◦,

+rc(θ
d
23 + θd

12θ
d
13) ,

V 0
cb ≃ −rtθ

d
13e

iρ sin 15◦

+rtθ
d
23e

iρ cos 15◦ − rc ,

rt ≃ 1, rc ≃ 0.048

CKM matrix at
electroweak scale

VCKM ≃

 V 0
ud V 0

us V 0
ub/h(t)

V 0
cd V 0

cs V 0
cb/h(t)

V 0
td/h(t) V 0

ts/h(t) V 0
tb


EW

h(t) ≃ 1.05

If we take ρ = 123◦, θd
12 = −0.0340, θd

13 = 0.00626,
θd
23 = −0.00880, our calculated values

α = 89.4◦, β = 21.9◦, γ = 68.7◦, |JCP | ≃ 3.06 × 10−5

are agreed with observed values
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Summary

We proposed S4 × Z4 flavor model with SU(5) SUSY GUT

At the leading order

• lepton mixing is tri-bimaximal mixing

• Cabbibo angle is 15◦

Including the next-to-leading terms

• CKM mixing angles are consistent with observed values

• Ue3 is expected to be less than 0.1
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(χ15, χ16, χ17) χ0
1 χ0

2 χ0
3 (χ0

4, χ
0
5)

SU(5) 1 1 1 1 1
S4 3 1 1 1 2
Z4 −1 −1 i −1 −i

U(1)FN −z 2ℓ + n 0 2ℓ z
U(1)R 0 2 2 2 2

w ′ = κ1 (χu1 , χu2) ⊗ (χu1 , χu2) ⊗ (χN1 , χN2) ⊗ χ0
1/Λ

+ η1 (χℓ1 , χℓ2 , χℓ3) ⊗
(
χℓ′1

, χℓ′2
, χℓ′3

)
⊗ χ0

2

+ η2 (χu1 , χu2) ⊗ (χu1 , χu2) ⊗ χ0
3 + η3χ ⊗ χ ⊗ χ0

3

+ η4 (χD1 , χD2 , χD3) ⊗ (χ15, χ16, χ17) ⊗
(
χ0

4, χ
0
5

)
,
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With the conditions of potential minimum

κ1

[
2χu1χu2χN1 +

(
χ2

u1
− χ2

u2

)
χN2

]
/Λ = 0,

η1

(
χℓ1χℓ′1

+ χℓ2χℓ′2
+ χℓ3χℓ′3

)
= 0,

η2(χ
2
u1

+ χ2
u2

) + η3χ
2 = 0,

1√
2
η4 (χD2χ16 − χD3χ17) = 0,

1√
6
η4 (−2χD1χ15 + χD2χ16 + χD3χ17) = 0 ,

Alignment of VEVs is consistent with above

χu1 = χu2 , χN1 = 0, χD1 = χD2 = χD3 , χℓ1 = χℓ3 = χℓ′1
= χℓ′2

= 0,

χ2 = −2η2

η3
χ2

u1
, χ15 = χ16 = χ17 .
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