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|nteraction of 2 heavy quarks

Energy scales:
m hard
muv  SOft
muv? ultra-soft

Disentangle scales [ effective theory

QCD — NRQCD — pNRQCD

[Caswell,Lepage’86] [Bodwin,Braaten,Lepage’95] [Pineda,Soto’98;Brambilla,Pineda,Soto,Vairo’00]
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Static potential
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[Appelquist,Politzer'75,Susskind’77]
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Static potential
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[Appelquist,Politzer'75,Susskind’77] [Fischler77;Biloire’80]
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Static potential
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[Appelquist,Politzer'75,Susskind’77] [Fischler77;Biloire’80] [Peter'96;Schréder98]
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Static potential
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[Appelquist,Politzer'75,Susskind’77] [Fischler77;Biloire’80] [Peter'96;Schréder'98] [Smirnov,Smirnov,Steinhauser’'08]
[Smirnov,Smirnov,Steinhauser’09] [Anzai,Kiyo,Sumino’09]
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Static potential

- ArCras(|q]) _ as(|7]) as(|q]) 7
p— —_— 1
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as(|q]) 23 (1 M
87203 [ = 4+ 1In & -
+( = ) <a3+ T CQ 3€+ nqﬁ2 +
IR dlvergeﬂce [Appelquist,Dine,Muzinich’7_7]

(in “naive perturbation theory”)

PNRQCD: ultra-soft contribution:
(us)-gluons and (QQ) bound states as dynamical
degrees of freedom U IR finite result

[Brambilla,Pineda,Soto,Vairo’99; Kniehl,Penin,Smirnov,Steinhauser’02]
Finite physical quantities (e.g.: Eqg)
HO |Og-COntrIbUtI0nS tO V [Pineda,Soto’00; Brambilla,Garcia i Tormo,Soto,Vairo’07]
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a3 needed for ...

-. qu [NNNLO: Penin,Steinhauser’02; Kiyo,Sumino’03]
K MT(lS) = 2mp + Eg%zl L1 my
c. EreS p— th _I_ E%:l _|_ 5Ft Eres |:| mt

® o(ete” — tt), NNNLO
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a3 needed for ...
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a3 needed for ...

® B INNNLO: Penin Scimhauser02; Kiyo Surinocs
® Myggy = 2my + Ex=" 0 my
® Eres =2my + ENT + 61 Ereg O my

® o(ete” — tt), NNNLO

® Comparison of pQCD and LQCD

[Necco,Sommer’01,Pineda’02,Sumino’05, ..., Brambilla,Vairo,Garcia i Tormo,Soto’09]
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a3 needed for ...

® B INNNLO: Penin Scimhauser02; Kiyo Surinocs
® Myggy = 2my + Ex=" 0 my

® Eres =2my + ENT + 61 Ereg O my

o(ete” — tt), NNNLO

® Comparison of pQCD and LQCD

[Necco,Sommer’01,Pineda’02,Sumino’05, ..., Brambilla,Vairo,Garcia i Tormo,Soto’09]

°

#® Fundamental guantity
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L oop integrals

1 scale:
momentum transfer between
guark and anti-quark
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[ up to 14 lines + numerator 1 15 indices for reduction
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L oop integrals (2)

- & & O

[1 (up to) 8+6=14 lines 1 14+1=15 indices (reduction)
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The methods

® 1 loop: /

# 2 loops:
[Schroder9s]. IBP — MIS
[Smirnov,Steinhauser’OB]: “BaikOV" methOd

#® 3 loops:
# 8100 Feynman diagrams

#® qgraf , g2elexp , FORM

[Nogueira’91],[Harlander,Seidelsticker,Steinhauser'97°99], [Vermaseren]

® FIRE smimoves: Grobner @ Laporta
Reduction to master integrals
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Master integrals
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Master integrals (2)

# Mellin Barnes (see also: MB.m (czakonoe)
9 PSLQ[Ferguson,Bailey’Ql]

& example: @ [1 6-fold MB representation

(im¥?)® 56t | 1127* | 167°¢(3) | 8¢(5)
D_(—612)3+3€v?[13567L 35 T 9 T3 +O(E)}

» all but 3 coefficients analytically @ @ @

» a” MIS CheCked Wlth FIESTA [Smirnov, Tentyukov’08; Smirnov,Smirnov, Tentyukov’'09]

example: “analytic” :: “analytic’—"FIESTA”

ep™-1 :. -40.4067 :. 0.00010 +- 0.00044
ep’0 : -104.67 :: 0.01052 +- 0.00591
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¢ dependence

-
Individual diagrams: up to &£° |
a3. gauge parameter independent
A < ).
g — 8 — &8 — ¢ — ¢ — ¢
n Vv Vv Vv Vv Vv Vv
C v Vv v Vv v Vv
dgeddsed |V

Complexity: number of occurring integrals
(normalized to £° case)
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Structureof aq, as, as

31 20
ay = —OA—KTFWJZ

e X X

Abelian part from iterations of lower orders

ag : C4, CaTrny, CpTrny, (Tpny)?

cddabcd dabcddabcd

ab
ag : C3, % N C%Trny, CACpTpny, C%Teny, o e
Ca(Tpny)?, Cp(Tpny)?, (Trny)?
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Results

ez = aPnd+a®@n? +aPn + o
[Smirnov,Smirnov,Steinhauser’08; Smirnov,Smirnov,Steinhauser’'09]
3
3 _ (20 3
= (5)
2) 12541  368¢(3) = 64m* AT 14002  416¢(3) 2
— T — CrT
3 (243+ 3 135 ) T TR 3 B
<€
NZ -1 1 dpeldye 18 —6NZ + N
C :Nc, C — £ ’ T — 3 = ¢ ¢
4 T 2N, S N 96 N2
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Results

as = a:(f’)n? + a:(f)n? + agl)m + aéo)

[Smirnov,Smirnov,Steinhauser’08; Smirnov,Smirnov,Steinhauser’'09]

3
o) = —(?) T3
2) 12541  368¢(3) = 64m* 5 14002  416¢(3) 2
= T — T
3 (243+ 3 Tz ) CalE T 5 )CrlE
1281
alV = —709.717CATE + (—%+264§(3)+80C(5)) CaCrTr
2 2 abed jabed
+ 86+ 96C(3)—160C(5) O%TF—56.83(1)dF dr
9 3 Na

) 5%5 '@) j
‘Mf « -
A\‘(IT ’n Matthias Steinhauser — p.12

||||||||||||||||||||||||||||||




Results

ez = aPnd+a®@n? +aPn + o
[Smirnov,Smirnov,Steinhauser’08; Smirnov,Smirnov,Steinhauser’'09]
71281
o\ = —709.717CATr + <_W + 264¢(3) + 80C(5)) CaCrTr

, ) dabcddabcd
N ( 36 296¢(3) 1604(5)) CFTr — 56.83(1)
A

9 3
(aéo) : independet calculation:

dabcddabcd o .
ag” = 50224(1)C7 — 136.39(6) =~ Anzst o Suminece )
- >
-«
dpetdyed 18 —6NZ + N
Ny 96N 2

dancddelecd B NE’-I—GNC
Na 48
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Numerical results

ArCras(|q])
_ =

V(gl) =

1+ % (2.5833 — 0.2778n))

2
+(22)" (28.5468 — 4.1471n, + 0.077217)

U

3
+(22)" (209.884(1) — 51.40487; + 2.9061n7 — 0.0214n7) + - -
T

n | o™ | 1loop 2 loop 3 loop

charm | 3 | 0.40 | 0.2228 0.2723 0.1677
bottom | 4 | 0.25 | 0.1172 0.08354 | 0.02489
top 5 | 0.15 | 0.05703 | 0.02220 | 0.002485
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Eigq

Pt = EC 46BN 4 6B 5B

C __ C%agmq
El - 4

Hns = CFOés(MS)mq

R Q3B (129.79 +5.241| + 15.2971n(a3)>
charm as

sEP| = Q3EC (104.82 +3.186| + 15.2971n(a8))
bottom as

R = olE} (83.386 +1.473 + 15.297111(048))
op as

j::p
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A\‘(I / s?s TRO Matthias Steinhauser —p.14

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee



Comparison with approximations

1 +.

V(q1)
+(22)? (209.884(1) — 51.4048n; + 2.9061n7 — 0.0214n?)

47rCFas(| ) [

n=0 1 2 3 4 S 6

210 161 119 812 494 228 14 exaCt [Smirnov et al.09]

313 250 193 142 975 60.1 30.5 | Padé aAPPr. | (chishtieEliasol]

292 227 168 116 72 37 12 | renormalon [Pineda’01]
fit to cubic polynomial in »; [

a3 /43 ~ 380.9 — 70.42 n; + 2.34 n? + 0.08 n;}
a3/43 ~ 362.0 — 72.17 n; + 2.00 nj 4+ 0.17 n}
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Comparison with approximations

V(’q_,‘) _ 47TCFqOés(| 7l) {1 4.
+(22)? (209.884(1) — 51.4048n; + 2.9061n7 — 0.0214n?)

bo]

Comparison: pQCD « lattice (for static energy)  meccosommeroy
L] extract ag))

Coordinate space: V(r) = —CpSs (14 ... + a3+ .. }
|:| CLS — 1 11+8 83 105 [Brambilla,Vairo,Garcia i Tormo,Soto’09]

Momentum space 0 al’ /43 = 202...337
[ “209.884(1)"]
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Conclusions

# 3-loop static potential computed (agz) iIn pQCD

# Building block for various “quarkonium observables”
Eqg, o(eTe” — t), ...

# Fundamental quantity of QCD

#» Aim: completely analytical result
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