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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):
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Formally, 3 means the operator expansion in Wilson lines
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Four steps of an OPE

m To factorize an amplitude into a product of coefficient functions
and matrix elements of relevant operators.

m To find the evolution equations of the operators with respect to
factorization scale.

m To solve these evolution equations.

m To convolute the solution with the initial conditions for the evolution
and get the amplitude
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High-energy expansion in color dipoles

7 - rapidity factorization scale

Rapidity Y > 5 - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

U = Pexp[ig/ dxT A (X4, X))

4 .
A = [ et~ e, 0
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Spectator frame: propagation in the shock-wave background

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pé9./ A" Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z free propagation]x
[U%(z,) - instantaneous interaction with the 1 < 1, shock wave] x
[z— vy: free propagation |
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High-energy expansion in color dipoles

The high-energy operator expansion is

T{,.(x) /d221d222 1L0(z1, 22, %, y)Tr{UZ UJ"}
+ NLO contribution
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High-energy expansion in color dipoles

7 - rapidity factorization scale

Evolution equation for color dipoles

s [ 22 (x—y)?
2n2 |~ “(x—2%(y - 22
— Netr{UJU{"}] + asKnotr{UU]"} + O(ad)

d
%tr{ugu;n} - [tr{ugu;n}tr{ugu;n}

(Linear part of KnyLo = KnLo BFkL)
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Evolution equation for color dipoles

To get the evolution equation, consider the dipole with the rapidies up
to 1 and integrate over the gluons with rapidities 1 > 1 > 7. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(n — m2)Kevol ®

o
3

roTTTT0
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Evolution equation in the leading order

d_ . . -
%Tr{uxuj} = KoTr{UUj} + ... =

d A . n
%(Tr{uxug}ﬁhockwave = (KLOTr{UxUj/Dshockwave

U3 = Tr{tPULPU]} = (UU))™ — (UU))™ + ol — n2) (U UJURU)) ™

=- Evolution equation is non-linear
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Non-linear evolution equation

ti(xy) = 1= L0001 1))
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Non-linear evolution equation

ti(y) =1 {00! (01)

asNe [ d%z (x —y)?
[

27 | = 22y = 2P U2 +U(Y) ~U(xy) ~ Uk 20(z)}

d -
%U(X7y) -
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Non-linear evolution equation

ti(xy) =1 {00! (51))

d - asNe [ APz (x—y)? - 5 . . .
g0y = G [ (i) +litzy) ~ dixy) ~tioe iz}
LLA for DIS in pQCD = BFKL (LLA: as < 1, an ~ 1)
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Non-linear evolution equation

iy = 1= L0000 ()

d - asNe [ d’z(x—y)? (.- . . . .
0y = G [ s (i) +tiey) ~ tiey) ~Uix 2izy)}
LLA for DIS in pQCD = BFKL egn (LLA: a5 < 1, ag) ~ 1)

LLA for DIS in sQCD = BK eqn (LLA: as < 1, agn ~ 1, asAY3 ~ 1)
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Why NLO correction?

m To check that high-energy OPE works at the NLO level.
m To determine the argument of the coupling constant.

m To get the region of application of the leading order evolution
equation.

m To check conformal invariance (in A'=4 SYM)
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

§ = 12(K1+i|<2),

S i—z(D+ iM2) § = lZ(Pl— iP?)
S8 =48, 36.8]=5,
[S—v U(Zv 2)] ZzaZ (L ) [SJ» U(Zv 2)} = zBZlAJ (Zv 2)7 [S+7 U(Zv 2)] = 78ZU(27 2)

’

z=2+i2,z=2+i2, U(z))=U(z2)
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

z=2+i2z=2+iZ2, U(z))=U(z2)

Conformal (Mébius) invariance of the evolution kernel

asNe

d .
4[5 TH{UUN = 2

dn
0 3} 0
2 ),2 —_ =
- [X 194 oy ZZ@Z]K(X’ %2 =0

/dz K(x Y, 2)[S-, Tr{UUJ} Tr{U,U{ }]
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

z=2+i2z=2+iZ2, U(z))=U(z2)

Conformal (Mébius) invariance of the evolution kernel

asNe

d .
4[5 TH{UUN = 2

dn
0 3} 0
2 ),2 —_ =
- [X 194 oy ZZ@Z]K(X’ %2 =0

/dz K(x Y, 2)[S-, Tr{UUJ} Tr{U,U{ }]

In the leading order - OK. In the NLO - ?
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Expansion of the amplitude in color dipoles in the NLO

The high-energy operator expansion is
T{OXO(y)} = / d?20%2 1'9(z, ) Tr{ U2 U}"}
1 NN NI o
+ / d?zd%2,d°z3 IN-C(z4, 2,, 23)[W0Tr{T”UZUZT3"T"UZUZT2"} — Tr{U70}"]

In the leading order - conf. invariant impact factor

—2,,~2 2 2
X X_7 _

t Yy =21 -2 CCP, 2007
w2222 Xy Vi
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NLO impact factor

INLO(

A .
X7Y§21722723§77) = _ILOX_ 2%3 |:|n_Z3__+C

The NLO impact factor is not Mobius invariant = the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of ;2 for usual OPE)

[Tr{UnUTn}]“’“f — Tr{UZ0}"}

d?z3 [Tr{T"07 O} T"0Z 017} — NcTr{07 U17}] 02 O(X?)
/ 253253 e "2

the impact factor becomes conformal in the NLO.
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Definition of the NLO evolution kernel

Operator equation

d_ . - o
%Tr{UXUJ} = asKLoTr{UxU]} + 02KnLoTr{UxU{ } + O(a3)

- d_ . . -
= adKnoTr{U,0]} = %Tr{UXUj,} — aKLoTr{U,U]} + O(?)
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Definition of the NLO evolution kernel

Operator equation

d_ . - o
%Tr{UXUJ} = asKLoTr{UxU]} + 02KnLoTr{UxU{ } + O(a3)

- d_ . . -
= adKnoTr{U,0]} = %Tr{UXUj,} — aKLoTr{U,U]} + O(?)

We calculate the “matrix element” of the r.h.s. in the shock-wave background

d

(02KnLoTr{Ux0]}) = d_n<

TrH{UU]}) — (asKLoTr{Ux0{}) + O(ad)
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Definition of the NLO evolution kernel

Operator equation

d_ . - o
%Tr{UXUJ} = asKLoTr{UxU]} + 02KnLoTr{UxU{ } + O(a3)

- d_ . . -
= adKnoTr{U,0]} = %Tr{UXUj,} — aKLoTr{U,U]} + O(?)

We calculate the “matrix element” of the r.h.s. in the shock-wave background

d

(02KnLoTr{Ux0]}) = d_n<

TrH{UU]}) — (asKLoTr{Ux0{}) + O(ad)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

= [VL prescription in the integrals over Feynman parameter v

Typical integral

1 H _ 1 k-p?

"1
av =
/0 (k—p?2v+pi(1—v)lv p? p?
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

¥200, 4

[\ < vy (1x) M x)

(1) - (X1 o (i)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xvi) (xviny (xviily o (XIX)

(XXI) i (£ 0) xxiy o)

(xxvi) oo “ oxvin Xx1X) < (XXx)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) M (XXX 4 (XXX ’ (XXXIV)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

cicld

a - any

(Vi e (Vi

lan Balitsky (JLAB/ODU) High-Energy scattering at NLO

23 July 2010

15/25



Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)
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Evolution equation for color dipole in N=4

(Giovanni A. Chirilli and I.B.)
iTr{OQOQ"}

2 _ QslNe 2%3 22
Sk 2%32%3 a5 vom ELE)

[Tr{T207 U7 T207 017} — NeTr{UZ O]
_ o} [dPzdz 7,7, {1+ 252 } In Z3%
4t 234 2%32%4 2532%4 - Z%3Z§4 254253

x Tr{[T3, T?)07 T¥TY 07 + TPT20y [T, T¥]0f7} (07 )% (0y, — 0g)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o« < ¢ = €7 in the rapidity
of Wilson lines.
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Evolution equation for color dipole in N=4

(Giovanni A. Chirilli and I.B.)
iTr{OQOQ"}

2 _ QslNe 2%3 22
Sk 2%32%3 a5 vom ELE)

[Tr{T207 U7 T207 017} — NeTr{UZ O]
_ o} [dPzdz 7,7, {1+ 252 } In Z3%
4t 234 2%32%4 2532%4 - Z%3Z§4 254253

x Tr{[T3, T?)07 T¥TY 07 + TPT20y [T, T¥]0f7} (07 )% (0y, — 0g)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o« < ¢ = €7 in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mobius invariant

lan Balitsky (JLAB/ODU) High-Energy scattering at NLO 23 July 2010 16/25



Evolution equation for composite conformal dipoles in N=4

d [Tr{U" UT"}]OOnf

agNe 7

2 Uy J,.U ~m 1y tn ] conf
/d 2%325 17 4 3}[Tr{TaU’i Uia]TaU@UZ]}*NcTr{UZUizi}]

ag 22 2 n lZZ§>4 12212%4 n2§.3z%4
i [tz Zg fan T2 [ g g 22

x Tr{[T3, T?)07 T¥ TY 07 + TPT207 [T, T¥)0§7}[(07)% (01 — (24 — 23)]

Now Mobius invariant!
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NLO Amplitude in  N'=4 SYM theory

The pomeron contribution to a 4-point correlation function in A’ = 4 SYM can be

represented as A = g°N;
(x— }’)4(% - Y)HOoXO! (){)O(X’)@T()/))
L SNUpE ) Rbe) ~
= g2 /du fi(v)tanh mjsinhpF(V’ MRz Cornalba(2007)

w(v,A) = 2x(v) + Nw1(v) + ... is the pomeron intercept,
fi(w) = (€™ — 1)/ sinzw is the signature factor.
F(v,\) = Fo(v) + AF1(v) + ... is the “pomeron residue”.

R and r are two conformal ratios:

_ X=Xy -y _ (x=y)3y—-x)? 172 F
"7 ey T lemw} . coshp ="

In the Regge limit s — oo the ratio R scales as swhile r does not depend on
energy.
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The pomeron contribution to a 4-point correlation function in A’ = 4 SYM can be

represented as A = g°N;
(x— }’)4(% - Y)HOoXO! (){)O(X’)@T()/))
L SNUpE ) Rbe) ~
= g2 /du fi(v)tanh mjsinhpF(V’ MRz Cornalba(2007)

w(v,A) = 2x(v) + Nw1(v) + ... is the pomeron intercept,
fi(w) = (€™ — 1)/ sinzw is the signature factor.
F(v,\) = Fo(v) + AF1(v) + ... is the “pomeron residue”.
R and r are two conformal ratios:

: T =
(X=y)? (X —y)? (x=xX)2(y-y)* R

In the Regge limit s — oo the ratio R scales as swhile r does not depend on
energy.

R - DEXNUSYP gy KEYPYEXS L g,

wo(v), wi(v) and Fo(v) were known.

We reproduced w1 (v) (Lipatov & Kotikov, 2000) and found F1(v)
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NLO Amplitude in N'=4 SYM theory: factorization in rapidity

(x=*X =Y)(T{OXO () O(X)O(¥)})
— /dzzudzzudzz’udzz’uIFaO(x, Y; 21,2)[DD]*™ (2, 2: 7, Z)IF* (X, Y; 7, 2,)

7

a = (’;tyygz, by = (;,:);7)2 < impact factors do not scale with energy
= all energy dependence is contained in [DD]%™ (aghy = R)
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NLO Amplitude in N'=4 SYM theory: factorization in rapldlty

(x = *X =Y)(T{OXO (y)O(X)OT (y)})
= / &°z11 621 0*Z | 0?2, IF*(x,Y; 21, 2) [DD]*™ (21, 2; 7, ) IF* (X, Y 4, 2)
Dipole-dipole scattering X(v) =2C —¢(y) — (1 —7)

y Z, z+iV Zy \i-iv 1 i w)/2

[bD] = /d /dzo 2%0250 (2%0250) D(2+I AR
 T(T(v -1 A1 x(y) AP

D) = T(1+7)T(2- 7){1_R{7(1—7) _3} +O(A2)}
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NLO Amplitude in N'=4 SYM theory: factorization in rapldlty

Yg<Y<Yp > +

TEET Ty, . ® ------ ::.::*J:é;::::::
X Y X‘< I >y’ xél S\/y’

(x—y*X = Y)HT{OX)O' (y)O(X)O'(Y)})
_ / Pz, P20, P2, P2 IF2(x,y: 21, 2) DD (21, 22: 2, ) F® (X, s 24, 2))

Result : (G.A. Chirilli and I.B.)
N2 At
F = _—
¥) N2 — 1COShZ7T1/
asNe 1t : _ / 1‘ i 7T_2 _ 78 2
x {1 -2y (2+|u) 20/(5~1v) + 5 — 7o) + 0D}
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DIS structure function F»(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Composite “conformal” dipole

[tr{U, UL}
= w{070{7} - —/d2 a2 {07053 r{U; 007} — Netr{U7 0]7}]

“Z2 " 2532%3

Photon impact factor in the LO

(X —Y)°T{i, (i, ()} = _/d 2022,

2

0
ARG UCHOR TSR

RSMconf (Z 22)
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Photon Impact Factor at NLO I.B.and G. A. C.

A2,
A= (X—y), X = XT1/S/2, Vi = XT/5/2, R= —nyé?fzz
Z1= ,(X;?)z + (yfyflﬂ 2y = ,(X;fz>2 + (y;fz)z

2
XY |
2222 aﬂa s

NLO QAs 2., 42 f
(% y) = 8n7>§;yz/d 710%2, YO (21,22){

2B g s 2 MR g

_ %[2‘}2"’5'"35* 4 gélzam XA;*] -5~ E{(aﬁzz)am+ (agzz)a UL

e e = YT R (L)

T 4% {4L| (1-R) - 2% +2(InR - 1)(InR — %)}

2(8‘X‘ZZI%(;§ZZ) {R(L“?R) - % +2InR — 4] + Z(aﬁzzl%g?&) {R(Ilnz3 R) %]
(G gl A @
,2_51;_;23[4%(1,@,2%2(' il l gl (e R)lnR+;4]aXaVX§*}
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NLO evolution of composite “conformal” dipoles in QCD

I.B.and G. A. C.

(0%

2—7:2 / o?z ([tr{uzlug}tr{ukug} — Netr{Uz U]}
— By, Zy 2

Z, { aSNC(bI 22+ b a3~ Zsn4s | O 67 1)}

2%3253 Zfszﬁs 253 3
ﬁ { { _9 25°Z5 + %4753 — 4752 In 223 253}
Zy 2(225°Z5 — 254253) 2,75,
x [tr{Uz U] }tr{Uz U] }{Uz U]} — tr{U, U] U, U], U, UL} — (2 — )]
2%222 {2| 2%222 (1 Z%22234 ) In 2%3254 }
2%3254 23°75, Z35, — 25°25; 25°Z,
x [ir{U UL Hr{Ug UL Hr{U5 UL} — 1r{U5 UL U ULUR UL — (2 — 20)]}
b= l@lNc - §nf

KnLo Bk = Running coupling part + Conformal "non-analytic” (in |) part
+ Conformal analytic (N = 4) part

a— [tr{UZIU P =

Linearized KyLo sk reproduces the known result for the forward NLO
BFKL kernel.

lan Balitsky (JLAB/ODU) High-Energy scattering at NLO 23 July 2010 22125



Argument of coupling constant

d -
%U(zl, ) =
as(?1) Z, ; ; .
dz; Zj_, Z3 -|- I/{(Z3, 22) U(Z]_, Zz) — Z/{(Z]_, Zg)U(Zg, Zz)
271'2 2%32%3{ }
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Argument of coupling constant

d -~
%U(zl, ) =

0s(71)Ne dzs 252{ Uz, 23) + U(z3, ) — If{(zl,zz)—0(21,23)2/?(23,22)}

22 2%32%3

Renormalon-based approach: summation of quark bubbles
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Argument of coupling constant

d an « SN I I
D004} = %) [z ({0, 0L }TH0L0L) - NeT(U,0L)

<[ 2 (-0 2 (22 )+

I.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

Oés(zi) Zi
T |Z12| < |z13], |223]
er(zz%s) |z13| < |Za2], [ 23]
Z:r(%s) |23 < |z12], |213]

= the argument of the coupling constant is given by the size of the

smallest dipole.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in for the evolution of conformal composite
dipoles in A/ = 4 SYM is Mobius invariant in the transverse plane.

m The NLO BK kernel agrees with NLO BFKL eigenvalues.

m The correlation function of four Z2 operators is calculated at the
NLO order.

m The analytic expression for the NLO photon impact factor is
calculated (in the coord. space)
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