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I just put 1.795372 and 2.204628 together.
And what does that mean?

Four!
(Doctor Who)
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It is crucial for experimental and theoretical reasons to have efficient methods
for evaluating amplitudes of physical processes in quantum field theory

» multilegs and multiloop amplitudes for LHC physics

» Quantum gravity: perturbative ultraviolet nature of N = 8 supergravity

Unfortunately the number of individual Feynman graphs rises dramatically
with the number of external legs or loop order, and tensor reduction methods
increase the number of terms even more.

v

A huge number of cancellation are needed to get the result leading to
» instabilities due to large numerical cancellations in matrix elements

» obfuscation of the fundamental structure of the interactions: gauge
invariance, ultraviolet divergences, infrared singularities, hidden
symmetries
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Explicit amplitude computations display rather unexpectedly simple structures |

» One-loop multi-photon in QED and multi-graviton amplitudes in N = 8
supergravity amplitudes share the same no-triangle property
[Bjerrum-Bohr, Vanhovel],[Badger,Bjerrum-Bohr, Vanhove]

» Simpler than expected subleading color contribution at one-loop for
Higgs + 2 jets, gqggH, process [Badger, Campbell, Ellis,
Williams]

» Better UV behaviour of subleading color factor amplitudes at multi-loop
orderin N =4 SYM [Berkovits, Green, Russo, Vanhove]

All these simplifications hints on simple structures than the diagrammatics
from Feynman rules suggest
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Amplitudes from dressed ¢ cubic vertices

[Bern, Carrasco, Johansson] ([Cf. Johansson’s talk] ) have
proposed a parametrisation of gauge and gravity amplitude based

on n-points, L-loop skeleton graphs, v € TE, with only cubic ¢ vertices
dressed by

> n.: lorentz factor build from external and loop momenta and
polarisations

> cy: a color factor
» Attree level in gauge and gravity

AL — yey . ML — nyny

n 7
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Amplitudes from dressed ¢ cubic vertices

[Bern, Carrasco, Johansson] ([Cf. Johansson’s talk] ) have
proposed a parametrisation of gauge and gravity amplitude based

on n-points, L-loop skeleton graphs, v € TE, with only cubic ¢ vertices
dressed by

> n.: lorentz factor build from external and loop momenta and
polarisations

> ¢y a color factor

» at loop order for N' = 4 super-Yang-Mills and N = 8 supergravity

L _ 3L—3 NyCy | L _ 3L—3 Nyily
A= Jd tapp —r7 M= > Jd g 2
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Amplitudes from dressed ¢ cubic vertices

Gauge invariance, supersymmetry, crossing symmetry of the amplitudes re-
quires contact terms given by higher point vertices

Such contact terms are resolved by inserting appropriate factors

_kyky
Ckcky

—
Il

the same manipulations for internal vertices as well lead to graphs build on ¢?
skeletons with dressing numerator factors characteristic of the theory one
considers.
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Amplitudes from dressed ¢> cubic vertices

What are the constraints on the set of graphs '2?
Constraints on the Lorentz numerators factors n., fory € FL?

Hints of a “moduli space” of graphs similar to the one of string theory
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Part I

Tree-level amplitudes
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Tree-level amplitudes in gauge theory

Tree-level gauge theory amplitudes are decomposed as in color ordered
factors

A — g2 S (A A%M) 4, ((1), -, o(n) J

Geen/zn

All the information are in the color ordered partial amplitude
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The color ordered amplitudes are not independent and satisfy relations kine-
matic relations

» Cyclicity property
A(1,...,n) =A,2,n,...,1)

Reduces the number of independent amplitudes to (n — 1)!

» Reflection property
Au(1,...,n) = (—1)"Ay(n,..., 1)

Reduces further to % (n — 1)! independent amplitudes

» Photon decoupling identity

Z Au(o(1),...,0(n) =0

oes,

What is the minimal number of independent amplitude ? J

Pierre Vanhove (IPhT & IHES) gauge and gravity amplitudes 22/7/2010



Tree-level amplitudes in gauge theory

Instead of considering the sum of the mutilple field theory graph individualy
we treat the field theory amplitudes and the infinite tension limit ¢’ — 0 of the
tree-level string amplitudes

Asym(o(1),...,0(n)) = lim A(c(1),...,0(n))

o'—0

n—2

HJ d*z V"
ordered

Alo(1),...,0(n)) = <U“)(Z1)U("”(zn—ﬂU(")(zn)
i=2

where U(z) and V/(z) are vertex operators and (- - - ) is the path integral over
the world-sheet fields.

This can applied to any string theory formalism (Bosonic, RNS, Green-
Schwarz, pure spinor, ...) in any spacetime dimensions J
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Open string tree-level amplitude on the disc

PSL(2,R) invariance z; = 0, z,_1 = 1 and z, = 400. (3 marked points)

n—2

n—2
HdXi H (xi—xj)m/k’"kf Z Lka. ! z
j Y

?I(l,...,n):J
MSrstni=pILi<j<n (¢)elolx} =2

» The L; factor encodes the information on the theory we consider: scalar
or vector in the adjoint, etc
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Monodromies from contour deformation

Contour deformation [Bjerrum-bohr, Damgaard, Vanhove]

0 1
Py -

» The real and imaginary part of the monodromy relations lead to a set of
linear system of equations

mn(ﬁl;-n/f’nl Xlyeeo, Ks, 1 ):(_l)rx

xme[Heﬁ B Y T (1 o} n )]

1<i<j<r GCOP{OC}U{ﬁT}’ Lj=l1

[ H e(Pi-B Z HHe B9, (1,{a), n)]

1<i<j<r o COP{x}U{pT}i=1 j=I

exp(«, B) = exp(2inma’ ky - kp) if Re(zp — z«) > 0 or 1 otherwise
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Minimal Basis for tree-level amplitudes

» This leads to a linear system of rank (n — 3)! in the amplitudes
» All ordered amplitudes can be expanded in the minimal basis B,,
(B,)° :=A(1,0(2),...,0(n—2),n—1,n); 0cE€EGS, 3

>
permutation

AT =Y M (BT
o-166}173

» These monodromy relations apply for all matter content
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The five-point case

» We consider the for color ordered gauge amplitudes
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The five-point case

» We consider the for color ordered gauge amplitudes

As(o(1),...,0(5)) =) i

2 2
i—1 P1,iP2,i

» The numerator factors are not gauge invariant

» The monodromy relations between the color ordered amplitudes imply

0 = (s13 +523)A5(1,2,3,4,5) — 535A45(1,2,4,3,5) + 51345(1,3,2,4,5) J
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The five-point case

» We consider the for color ordered gauge amplitudes

As(o(1),...,0(5)) =) _ M

)
i—1 P1iP2,i

» The system is solved by the generalized dual Jacobi relations

Xijk = ni — nj + ng = Py(s;); ci—¢+ca=0 J

» The n; are not uniquely defined by the pairing n;c; summed over the
graph gives the gauge invariant amplitudes

» P, =0isthe [Bern, Carrasco, Johansson] solution

» P, # 0is from the freedom in resolving the higher point vertices [Tye,

Zhang], [Bjerrum-Bohr, Damgaard, Sgndergaard, Vanhove]
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Part 11

Loop amplitudes
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Higher-loop extensions

[Bern, Carrasco, Johansson] have extended this parametrisation to
higher-loop amplitudes

L
P _ ,2L+2 H d’ 1 nycy
4L = 8ym (2m)D S 1—[3L+1 57

for gravity

Dy ~
i 1 nyiy
T\D S 1—[3L+1

\_JN

We show how this parametrisation allows to reproduce the ultraviolet
behaviour of the 4-point amplitude in N =4 SYM

Apply it to the ultraviolet behaviour of N = 8 supergravity
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Parametrisation of the N = 4 SYM amplitudes

From 3-loop order the parametrisation of the four-point amplitude needs 4-
pOﬁHCOH&wtteﬂnS[Berkovits, Green, Russo,Vanhove]

The contact terms are resolved into cubic vertices as follows )

» The contact terms are needs for the total amplitude to be gauge invariant

» Important for the counting of the fermionic zero modes and the
ultraviolet behaviour of the amplitude in N =4 SYM and N = §
SUGRA

[Berkovits, Green, Russo,Vanhove], [Green, Bjornsson],

[Vanhove]
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From 3-loop order the parametrisation of the four-point amplitude needs 4-
pOﬁHCOH&wtteﬂnS[Berkovits, Green, Russo,Vanhove]

The contact terms are resolved into cubic vertices as follows

<~ 2 + Ei-ko

» The contact terms are needs for the total amplitude to be gauge invariant

» Important for the counting of the fermionic zero modes and the

ultraviolet behaviour of the amplitude in N =4 SYM and N = 8
SUGRA

[Berkovits, Green, Russo,Vanhove], [Green, Bjornsson],

[Vanhove]
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Parametrisation of the N = 4 SYM amplitudes

L

Af;lz) = kb2 JH d?t 1 nycy
. DQ 113L+1 5’
yert” i=1 (2m)P §; [1= P%

v

It was shown in [Berkovits, Green, Russo, Vanhove] thatthe sub-leading
color contribution of the four-point L-loop amplitude in N = 4 SYM has a
better ultraviolet behaviour than the leading (planar) color factor contribution

v

» 1-particle irreducible graphs

I’llPl ~ SF4kikj I}Pl(f, k,‘)

» 1-particle irreducible graphs with 1 and 2 inverse derivative factors
(L = 4 loops)

nyPR < & F* kil 1378 (0, k)
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Parametrisation of the N = 4 SYM amplitudes

L

Af;lz) = kb2 JH d?t 1 nycy
. DQ 113L+1 5’
yert” i=1 (2m)P §; [1= P%

v

It was shown in [Berkovits, Green, Russo, Vanhove] thatthe sub-leading
color contribution of the four-point L-loop amplitude in N = 4 SYM has a
better ultraviolet behaviour than the leading (planar) color factor contribution

v

» 1-particle irreducible graphs: large loop momentum behaviour { ~ A

%h}l\anl - S2F4 % /\2L76

» 1-particle irreducible graphs 2 inverse derivative factors (L > 4 loops)
lim ndPR ~ 3 trF* x A% 5t (0F?)? x AP0

~A

Reproduces the UV behaviour of the 4-point N = 4 SYM amplitudes J
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Parametrisation of the N = 8§ SUGRA amplitudes

» We recycle the previous parametrisation in the N' = 8 amplitudes

puD — 2L+2 1 nyfy
2 = 3 (11 i 3 52

YEFL —1 pr

» We use left/right symmetric expression
nifi; ~ |04 F (0, k))> ~ 08 R* (L, k)F(L, k)
» The 1PI graphs have the UV behaviour
[ﬂﬁ)]m < A(D=2)L—14 38 p4
» The 1PR cancellation of the contributions 1/(k%)? the UV behaviour for
L>4
[EIRE)PPR < A(D—2)L—1458 p4
» The total crossing symmetry of the amplitudes implies that the behaviour
of the 1PR graph is the same as the 1PI graph contributions
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The ultraviolet behaviour of N = 8 supergravity

v

For L < 4 the UV behaviour is

[EIR‘(&)] ~ A(D—4)L—6 52Lp4 2<L<4
identical to the one of N =4 SYM

v

v

After 4-loop only 03R* is factorized B, = 4 for L > 4
Wﬁ)] < A(D=2)L—14 38 p4 >4
worse than the one of N =4 SYM

v

v

At five-loop order the 4-point amplitude in

o N =4 SYM divergences for 5 < 26/5 < D
o N = 8 SUGRA divergences for 24/5 < D

Would imply a seven-loop divergence in D = 4 with counter-term 03R*

v

v
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> Yes: explicitly

check by
string/duality R* [ o*R* | 9°R* | 0°R* | 0'°R* | OT2R? ‘
or field theory D=10 _ _ _ - L=2 -
computation _ _ _ _ yes _
> Black ’yes’: D=9 — — - L=2 - —
not explicitly — - - yes - -
checked but D=8 =1 — =2 — — L=3
implied by
yes - yes - - yes
power
counting in D=7 - L=2 - - h a
superspace — yes - _ _ —
> Red: D:6 — — LZ’% — L:4 -
coefficient has — — yes _ yes _
not been D=5 | L=2 - L=4 - - L=6
evaluated but no - no - - yes
supersymme- D=4 | =3 | L=5 | L=6 | L=7 | L=8 L=9
try argument no no no ! ? yes
does not rule
out this

counter-terms
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We have analyzed the parametrisation of amplitudes in gauge and gravity based
on a dressing of @ types of diagrams J

» The Lorentz and color factors need to satisfy some constraints for
consistence

» At tree-level the monodromy relations between the color order amplitude
give model independent relations

e Best possible reorganization of the tree-level amplitude in gravity and
gauge theory [Bjerrum-Bohr, Damgaard, Vanhove]

» At loop orders contact terms are needed to match the structure of the

multiloop amplitudes gauge and gravity

» Structure of the space of the various graphs in '~
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