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Basic definitions

Homogeneous and isotropic Friedmann-Robertson-Walker universe

dr?
1 — kr2

ds® = dt* — a*(t) ( + TQdQQ) , k==1,0 (1)

Note that r is unitless and a(t) has unit of length.
Energy-momentum tensor is
T,uz/ = PUyUy T p(g,ul/ + uuuy)
= doo=p, 1is =p (2)
in the rest frame of the fluid (v = (1,0)).

Einstein equations are:

1 8rG
R



Einstein equations can be derived from the action
a4 —(_ 1.2
§=[d@V =g~ MpR+ Lmatter

where g = detg; . We require 6S = 0. Heuristically

5v/—g §(IIrg)1/2 1 121
= - = (~9 /%=

Since 6g'u,/g/“/ = 0, we find

= _—Quu(_g) :
dgHV 2
Less straightforward to show that
OR
= +R
Y latd e

Obviously

SR = 5(QMVR,LLV) = R/_,LV(SQMV + QuV(SR,uV .

Now Ry,p = Ry (0, T') with I' the connection, and one can show that §R;, o VI, which is a

total derivative and gives zero when integrated.

The energy-momentum tensor is simply

T,uy _ _25(\/ _gﬁmatter)
dghv

Y (—

g)

—1/2

(3)

(4)

(5)

(6)



FRW Universe

Einstein equations =

N
5o [a  8nG k
H* = (a) = 3P (from Tyo)
p+3H(p+p) = 0 (continuity eq) .

Must be supplemented by the equation of state p = wp. The
continuity equation contains the same information as the

1;;-equation.



radiation w=1/2
matter w =10
vacuum energy | w = —1
stiff fluid w=1
phantom w < —1

Table 1: Equations of state




If £ =0, then

so that

We define

so that

Problem with curvature

87TG _87TG o, 3H? (9)
3 P= 3 P PTG
3k
= 10
Pe =P~ Sra? 10)
Q= p/pe (11)
Q1= _F (12)




Thus
(= 1)now H?a?

— , 13
(Q o 1) HIQIOWO’%OW ( )
Assume a(t) o< tP so that H « p/t. For (adiabatic) radiation
domination, p = 1/2, matter domination p = 2/3. Then
¢ 2(1-p)
(Q — 1) — - (Q T 1)now . (14)

Example: at the electroweak phase transition tpy, = 10~ 11 5. Assume

tnow = 13.7 X 109 yrs = 4.3 X 10173, plus radiation domination before t = 380000 yrs followed
by matter domination. Then

¢t \2(1-p) 380000\ 2/3 [ 10— 11 _og
= | =7.5x 10 . (15)
tnow tnow 3800000

Fine-tuning of initial 2 ~ 1!




Solution: de Sitter space

If initially at ¢t = ¢ty the energy of the vacuum pp > p,, >~ const.,
then H? = 81Gpp /3 = Hi = const and

> = k+HZa®> — Hiad%, t>t

= a(t) = agexp(Hopt)
= (Q2—1) xexp(—2Hpt) — 0. (16)



Problem of acausal CMB

Photons travel along geodesics
ds* =0 .
Take flat (2 = 1) FRW space for simplicity. Then
ds® = dt* — a*dx* =0

and the physical distance photon travels is

d(t) = a(t) /da: = a(t) /Ot dta™" = 1—p

e The causal CMB volume at recombination time

tpti—p

trc = 380000 yrs (=when CMB photons escaped):

e The causal CMB volume as seen today:

Vous ~ d2.., = (anowdrc/arc)®

(17)

(18)

(19)



e The volume of the visible universe: Vi ~ (tnow/(1 — %))3

Plug in anow/arc = 1100 to get the number of regions today that

were not in causal contact at recombination
N =V /Veus ~ 8 x 10* check! (20)

Yet CMB has the same temperature everywhere. How come?



horizon now

horizon then



Solution again: de Sitter space

In de Sitter photon travels the coordinate distance

1
d _ dt —1 _ —Hpt — 1 — —Hgt
/ ) / “o © Hoag (3 =e™)
= d,=a(t)r = 1 (efof —1) ~ ieHOt (21)
! Hy - Ho

Two observers separated by an initial distance d; will at late times
find themselves at a distance d(t) = d;e’°!. They cannot

communicate if d(t) > d.(t) or if

1
d; > — . 22
> o (22

Thus de Sitter space has an event horizon.



Solution cont ...

Assume de Sitter expansion stops at aenqg and the vacuum energy pa is

converted to radiation by

_ 3H;
PA = 8

(A is the cosmological constant). This would then mean the beginning of

= MpA* ~ Ty . (23)

the "normal” Big Bang expansion with a ~ /2.

e Two points A and B initially in causal contact (daB(to) < H ")
will at later times lose causal contact because of the exponential

expansion: daB(t) > H;'. A is said to leave B’s horizon.

e When exponential expansion ends and "normal” hot Big Bang

expansion begins, the horizon grows as dg ~ t while da B(t) ~ t?.

e Eventually dg > daB(t) and A and B are again in causal contact.

A is saild to re-enter B’s horizon.



Solution cont ...

We should require that every point in the CMB sky as seen today has
initially been in causal contact; i.e. the size of the visible universe at the
end of inflation is < H; '. It has then been stretched by inflation as

QAnow o r— TO _
dy = = e"OTHS ! = - eV Hy'! (24)

where 7 is the duration of inflation and NN is the number of e-folds (and
never mind the detailed expansion history now). The actual observed
size of the universe today is very roughly dnow ~ 3/2Hnow (this does not

account for dark energy) so that requiring diy > dnow translates into

dnowT
N >1 O 1 ~ 60 29
- [dU Tnow ] ( )

for reference values Ty ~ 10'° GeV, Ty ~ 3K, Hyow =~ 70kms™ " /Mpc.
(Check!)

Problem solved if inflation lasted more than 60 e-folds!



1/H,

horizon

inflation
ends

today



If pp = const, then

p+3H(p+p)=0=p=—p. (26)

Can we do this with a scalar field?

S = / d*z\/—gL (27)



1

L = 59"0.00.6—V(9)
_ Lo gz
= 38— (V9 - V(9).

Energy-momentum tensor:

oL

THY _ O é— g"’ L
9(0v¢)
12 L[ 1 2
p = Too=¢ — [5( -5 (Vo) ) —V]
1l 1 2
= 2q5 + a2(Vq5) +V
1/ 1
Tu = @0 +a? |5 (&~ 5(ve?) -v]
Let us define pressure p in comoving coordinates as
_ 2_lgo 11 o2
p—Tkk/a —2 6a2(V¢) Vv

where the factor 1/6 comes about because isotropy is assumed here.

(28)

(29)

(30)

(31)



Note that wrinkles in the field tend to even out: V¢ comes always
with a factor 1/a. Thus

- v

. ~ —1 (32)
502+ V

SEkS
2

if 92 < V.
Need a slowly moving field.



Fuler-Lagrange:

If we require gﬁ2 < V', then we should also require qbqb <V = V’qﬁ or

b< V.

This is called slow roll.

Equation of motion

ov—gL 5 O/ —gL

0¢ " 00u¢

Ba_v B 8agguyau¢8yq5
op " 00,9

—a’V' — 00(a®00d) + adk (ko)

.. : 1 ,
¢+3H¢—a—2v2¢+v =0 .

(33)



Free field

1
V = §m2 2 (34)
Let ¢ = A(t)e’®*. Then
]€2
= (83 +3H + — + m2) A(t)=0. (35)

Eqm has 1) friction term; 2) modes redshift for £ # 0 — it makes

sense to talk about comoving momentum k = k/a.



e typically at t =0, A = Ay, A ~ 0 = motion begins as

harmonic oscillation until
o HA> (K> + m?)A

é:—SgéA:Ca_?’.
A a

For IR modes, A remains fixed until H ~ m.
Thus typically
e gradients die away

e zero mode oscillates

(36)



Homogeneous field

Eqm:

o(t) +3Ho(t) + To(t) + V' (6(t)) = 0 (37)

where we have added by hand the decay width I'. Cannot be derived
from the Lagrangian as I' = ImFE. (In field theory can be computed as a

loop contribution to self-energy - so the field is not really free.)

Exercise: For a free field in flat space, ¢ (t) = e_Ft/2¢k(O) cos(ELt).



=Im

O



For homogeneous field:
e decay can begin only when I' > H
e meanwhile, the amplitude decays

e if ¢ is the only energy component, then

Ll 1 99 1 1 59
p=5¢" +5mieT, p=g¢" —omg (38)

and H? = 8mGp/3. Integrated over one oscillation cycle one finds

(p) x /Ow - dt% (Sin2 (wt) — cos2(wt)) =0 (39)

Hence, the mean equation of state parameter for an oscillating (free)
scalar field is w = 0 = oscillating field behaves as cold matter with

poxa s and a o t2/3 .



Slow roll inflation

Assume

V= Vo —ad—bd?> — ... (40)
when ¢ ~ 0. Very flat potential — H? ~ 87GV,/3 ~ const. = H§.
Assume initially ¢ ~ 0, ¢ ~ 0

Slow motion (small acceleration) if ¢ < |V’|, whence the slow roll
equation of motion is

3Hop ~ -V’ (41)



Pend (7

Figure 1: The inflaton potential



Slow roll parameters

Since V > ¢2, from the slow roll eqm
1 /V'\° 1 1%
L> 5 (SH) " Vo 3 x 87GVp (42)
MZ (V'\? M [(V'\°
= — | — 1 43
‘ 167T<V) 2 (V) < (43)

where M? = M2 /(87) defines the reduced Planck mass. Taking a

derivative

= define

d o o 167, V" 16m
= define ,
M /! V//

Inflation ends when €, ~ 1.



Number of e-folds

tend
N = g “end) _ / dtH (1)
a(to) to
¢end H (,bend 3H2
/0 ¢ 0 V/

1 Qbend
- [ e,
M2 0 |V

where tonq corresponds to €(¢) ~ 1.

(46)



Example: Let

1
V=V,—pul¢p— ixﬁqs?, pt <V (47)

Show that with V01/4 ~107°M, z ~ 107!, 1~ 1071°M one finds
N ~ 460.



Reheating

Obviously, inflation must also end.

In region B, we write

V:%m?ﬁ(¢_¢o)2+...§%mifQ—l—... (48)

where mg is the physical inflaton mass and

a0 3/2
g — 50 (Wt)) COSTI’L¢t ;

m2 ¢l (%) 3 (49)

until I' > H. In the sudden decay approximation energy density is

P¢

transformed into radiation instantenously so that

2

3
g«T" 4 2 +2 ao
ermal — T — 50
Pth 1 30 RH mqbfo (a(tdec)) ( )

with tgec = I'"' = H(dec).



thermal decay
products

inflaton

oscillates

Figure 2:



Parametric resonance/preheating

Simple inflaton decay often not efficient enough; can be enhanced

by parametric resonance.

Let y be a field that couples to the inflaton with

V=V(p)+ 1mxxz — g7 P°X° (51)

2
Here ¢ — ¢g — o.

e Lor large ¢ the mass of x is M, = g¢ > my = inflaton cannot
decay into Y.

e At the end of inflation, the inflaton oscillates = periods with
go ~ 0 when decay is possible

= bursts of particle production.



Egm for x in the evolving background of ¢ is

0 = X+3Hx+(m2+d%¢)x
k? 2 | 242 2
= Xk T 3Hxk + (; + mj + g7 P7(t) sin” (met))xr = 0
& xp+ (A—2gcos(22)) xxg =0 (52)

with 2 = myt (this is the Mathieu equation), where we now assume
m, ~ 0, and

k2 292(t
A= — +2q, ¢=" 2() (53)
a 4m¢

e Mathieu eq has instability bands in the (A, q) plane




Mathieu eq instability bands
Lev Kofman, Andrei Linde, Alexei Starobinsky: hep-th /9405187
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Fig. I The skatch of the stabilicy/instabilily chert of the canonival Matlien eguation (5], Pa-
rrmeters 4 end g are defloed in tha test after aq. (§), White reglons comrespend to the instability
{eeenniance) bands, grey reglons correspond te the stebility bandw. Fome cantonrs of the param-

ater pe in the fiest and second inetability bands ara shown, The streight line crcesing the chart
corrasponds te 4 = 2g.



Instability bands, A¢*
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Growth of particle number

2.5 /\/\_
"~

, L _

1.5 |- .-j\ ‘/\/ |




Questions:

e how does the universe get populated by SM degrees of freedom?
e what exactly is ¢ - must it be singlet field?

e can the Higgs be the inflaton?

e scalars of MSSM?



Inflatory perturbations

The main reason for believing in inflation

Consider
o(x,t) = ¢o(t) + o¢(x, 1)
® ¢ is the slow rolling background field
e 0¢(x,t) is the small perturbation

e inflationary perturbations = density perturbations

5p o< OV (9(a,1)) = V" (60)06 ()

(54)

(55)



To linear order

Vi) = V'(do(t) +(x,t) = V'(¢o) + V" (¢0)dp(x,t) + ...
0 = 06¢+3H(¢o)dp — V?5¢+mii¢

2

o i s (Send)inz0 G

e Obviously, for massless fields and for long-wavelenght
fluctuations with k& — 0, one finds that d¢, — const = once
beyond the horizon, the perturbation freezes



e slow roll condition requires my < H
e for a small perturbation well within the horizon, k/a > H

Hence at early times we may write

.o o 2
565+ BH(00)00 + 300 = 0 (57)

What is the source of perturbation? Note that the above also holds

for the vacuum fluctuation
5gbk = Wk (58)

At small distance scales curvature can be neglected = consider

initial flat space quantum fluctuations



Quantum fluctuations of a scalar field

e quantize free field in Minkowski space:

on = wi(t)ay +wi(t)a’,
/1
wE = V_1/2 E eXp(—ZEkt) (59)
with
la,al,] = Oprr, [ar,ap] =0 (60)

e define Minkowski vacuum

ax|0) =0, al|0) o |k) (61)



In the vacuum

e VEV is zero

(016110) = D> _(016x|0)e’™™ = " (Ofwy,(H)ar+wi(t)a’ ,|0)e™* =0
k k
(62)

e variance is not

(0]¢2|0) = Z eFe kT (0 apw) ) + wial wiral
Kk’

/ !/
+ wkakwk*a,T_k, + wpapwia' | |0)

= S unl? (63)
k

Assume: the initial perturbation d¢, at ¢ — —oo should be
identified with the root-mean-square quantum fluctuation.



Let us define the power spectrum P(k) of field fluctuations:

P) = ok d(af?)

VE?

— 42 By, <|57€‘2> (64>




Thus: find the solution of

. , k2
Wy, + 3H (¢o )k + Wk = 0, (65)

with wg(—o0) given by (59) in a box of size L; let us also ignore the
variation of H: H (¢o(t)) ~ Hp.

e the result:

k= a2 " e )P \ar )

(exercise: check).

What is the amplitude at horizon crossing?



time

k=aH
horizon crossing

1/H

locally Minkowski

Figure 3: perturbation exits the horizon



Check first that ¢t — —o0 is ok: at early times a ~ 0 so that

i — i| ii| (t—t ) +
oH ~—  aH'"" " dtaH'TT 0/
k a a k
— a—H|t:t0 — ?aklt:to (t — to) + .= const — E’t:to (t — to) 4+ ...
1 1 ) .
— ’U)].g(t R —OO) _ k zXconste itkt/a (67)

T L3/2 (2k3)1/2 P

and since d¢r = wy, is massless, Fy = k/a and

— 1 k/CL 1Xconst —i1Et
et = =0 = D Gy
1 I it
— (& 68
‘/c?(’)/rr?oving 2Ek ( )

which is the flat space result (59).



And now, finally: the spectrum at horizon exit ¢,: the perturbation
amplitude is

(16k]%) = |wg|* =

(69)

and thus at the horizon exit

k3 H2(t,) [(H(@t)\® [(H\’
P L) = =——=) = — —aH -
(s 1) A2V E), 2L3k3 ( 27 ) (%) fh=atr - (70)




field perturbation < density perturbation

density pertubation < metric perturbation

Ty = Ty + 0T < Guv — Guv + 0Guw (71)
In so-called Newtonian gauge

ds® = (14 2®)dt* — a*(t)(1 + 2V)dz? (72)
where W, ® are called the Bardeen potentials

perfect non-viscous fluid: ¥ =

above ignores vector and tensor perturbations (=gravitational

waves )



But what is physical?

e In GR one is free to change coordinates: g,, — g;“/

e One e.g. could choose g, such that dp(x,t) = 0 (”constant
density hypersurface” )< choosing a gauge

= need gauge invariant description of the perturbation



One can show that the comoving curvature perturbation

H
; ¢

1S
e gauge invariant
e remains constant outside horizon

e Bardeen potential ¥ = %R

Outside horizon R = —(, the curvature perturbation.

(73)



How to relate theory to observations?

e CMB observations yield correlators such as

REREY
T T

or the CMB temperature power spectrum.

e For large angular distances

or _ 1

T 3
This is the Sachs-Wolfe effect.

Thus, the task is to compute (RxRy)

(74)

(75)



And now: the prediction

H? ( H\?
— g(ﬂ) ’k:aH (76)

Using the slow-roll condition ¢ = —V’/3H

1 9 V
Ar2 (V')2 3M?2
1 V1

= - 77
2472 M4 € (77)

Pr(k) =




Thus the amplitude of the fluctuation (=Sachs-Wolfe) is

2 1 V1 _
o gPR(A:) = 50T T A (1.9 x 107°)? (COBE)
v /4
= (—) = 0.027M (78)
€

Given the primordial spectrum, can predict the whole CMB
TT-spectrum (see Kurki-Suonio)



Spectral index

Phenomenologically one writes
Pr = AK" 1, (79)

where n is the spectral index (measured from CMB). This can now
be predicted:

n-1= d;TniR (80)
Since k = aH,
dlnk:%—l—dHH:Hdt. (81)
Slow roll:
¢+ 3HV' =0 — dt = —3Hdp/V'’ (82)
Thus
d V' od _M2Ki (83)

dink  3H2d¢p V dé



de
dlnk

= the running of e.

= 4 — 2€emn

Moreover:

dan . —MQKV/ .

= o — 9
dln k VvV €

(84)

(85)



Hence our prediction is

dlnV de

dlnk dlnk
= —2e—4e+2n

= 21— 6e (86)

n—1 =

WMAP7 (CMB alone): 1 —n = 0.037 + 0.014 Hence typically
e ~ (0(0.01) and

o typically V1/4 ~ 85 x 1073 M = 2.3 x 10'6 GeV
o during inflation H ~ 4 x 107°M = 9.6 x 10'3 GeV



What exactly is observed?

What matters is V' (¢) when the scales observed in CMB were

generated



scale

these scales have not

yet entered the horizon horizon
I/
I/ /
/ /
/ /'
! 4 1~2-2000
4 ,’ ¢
// ey /
;g 4 /7 /
P K4 .I
y’d
CMB
>
>
H(k=k,) inflation today t

~N-60 ends

>

CMB = 1st 15 of the last 60



Example: chaotic inflation

1y
V—4)\¢

Number of e-folds is

Pend V 1 1
- _ déo—— — — _
N /qb STNVE 4M2/

0

1

— AM2 (¢g T ¢znd) ~ 64

= $o > Pprua ~ O (few x M)?

(¢ > M could be a problem). Thus

1 /V'\°  M?
— - [—) =8=—— =0.031
) 2(V> $2
17 2
n = Y 19— 0.047

|4 %

0



The observables are

52 =

=

n =

1 V1
15072 € M4
A~ 10712

1+ 21 — 6 = 0.908

=357\ = (1.9 x 107°)?

(90)



Tensor-to-scalar ratio

In addition to scalar perturbations, there are also tensor
perturbations dg,, = gravitational waves. These are

e massless fields = subject to perturbations like scalars

o = bl (91)
Hence )
P = (; ) oot (92)
e In single field inflation one finds
Prav 2 (H>2 1 1 69> 6(V')?
Pr M2 \2r) (H/$)?2 (H/2m)2 V.  3H?V

I\ 2
= 6 (%) M? = 12¢ (93)



0.4

o
w

Tensor—to—Scalar Ratio (r)
o o
" o

o
o

WMAPT7T constraints on models

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII/IIIIIIII

0.94 0.96 0.98 1.00 1.02

Primordial Tilt (ng)



What is the inflaton?

e The Higgs? Low-scale inflation has a generic problem: we need
(V/e)1/* ~ 0.03M so that with V < M*, one must require

e — 0.

- very flat potential: problem with radiative corrections:
not flat enough

-n — 1 - ruled out?

- possible way out: direct coupling to gravity through
¢H?R = inflation at large Higgs field values (for recent
discussion and references, see JHEP 0907:089,2009.)



e beyond SM: MSSM The scalar potential has flat directions
with V' = 0 up tp non-renormalizable terms. Once susy is
broken, the potential reads (see Phys.Rept.380:99-234,2003)

L 50 Q"
V:§m¢ —|—Mn_4

which may be flat enough; the form depends on the direction, which

(94)

are all classified and can be thought of as some combinations of

squark and slepton fields (for most recent attempts and references,
see 1004.3724 [hep-ph))

e usual assumption: inflaton is some singlet scalar



Hybrid inflation
V=V(¢,0) (95)

where ¢ is the inflaton and o is the "waterfall field”: decoupling

inflation and the end of inflation (can have faster reheating)
models with supergravity
models based on/inspired by strings

multifield models: generically both adiabatic and isocurvature
perturbations



Non-gaussianity
initial field fluctuations uncorrelated = gaussian fluctuations

correlations = interactions = non-gaussianity

gravitational interactions, field interactions
models with more than 1 field

very topical

probes directly the inflaton model

observations: CMB is mostly gaussian - non-gaussianities must

be small



X.,Y,... are gaussian random variables:

e probability distribution

P(X) = Nxe X /(%) (96)
® average 1S zero
(X) = Nx / dX Xe X/Cox) = (97)
e two-point correlators
(XY) = NXNy/dXdYXYP(X)P(Y)

= NxNyd§(X —-Y) / dXX?’P(X)=o0x6(X —Y) (98)



e (Gaussian fluctuations = odd correlators vanish
(XYZ)=0 : (XY*) =0, (X*)=0 (99)
e even correlators are related to the two-point correlator

(XYZU) = 6(Z—-U)8(X =Y X*WZ?) + ...
+ S(Z-U)6(X —Y)o(X —UNX™) (100)
and

(X*) o (X7)° (101)

= the obvious place to look for non-gaussianity is the 3-point correlator,

e.g. (01 (x)0T (y)oT(z)).



Let us write the curvature perturbation as

C= - 2wl (102

where (, is gaussian (and 3/5 a convention). This is called x?

non-gaussianity. We get a 3-point correlator

(CCQ) = (€)= Shwele)

x 0+ fur((C2)? (103)
The relation to observables is
o1 1 1 ~ 5
0 - _tp=_- (<I> o )
T 3 3 (P + ety
~ 5%
= fyo=—fnL + 6 (104)

for the Sachs-Wolfe and likewise for the rest of CMB spectrum.
e WMAP limit is —10 < fyr < 74 at 95% CL

e Given an inflaton potential, how to compute the 3-point-function?



Separate universe/AN formalism
each point is considered as an independent FRW universe

local scale factor is different at each point:
a?(z,t) = a®(t)e 2% (105)

= expansion histories differ locally

N(z) = / dtzgg (106)

OK as long as gradients are small (OK as perturbations are

known to be small)



a’'(t) 8p = 0 hypersurface

a(t)

Figure 4: 0N formalism



The number of e-folds felt by an observer at x and at time ¢ is

a(t)e V(@) a
N =1In Q = (x,t;) — Y(x,t) + In a((tt-))

a(ti)e~ vt
Assume initially flat hypersurface with ¥ (z,t;) = 0. Then the

(107)

curvature perturbation reads

¢ =—t(z,t) =N —In C‘LL((;)) = AN (108)

AN measures the shift in expansion between the flat and uniform

density surfaces.



Recall that N is determined by the inflaton field: N = N(¢). Thus

TaN
I

AN = dgb——/ dgb—

_ /¢ dgb
 Jorse ¢
(109)

= we find the useful expansion

(= N'(6)56 + 5 N"(6)56" + ... (110)



Back to non-gaussianity

Let’s write

1

C = N'($)d6+5N"(6)067

N//
= N'0)6+ 5r0m

N//
SN @R i

(N'(¢)d¢)’

Gg +

so that we find the simple relation

5 N//
= 6 N'(9)?

fnL (112)



Recall

A correct calculation (Maldacena) yields fnr = —<5(2n — 6e).

No= 4
¢
H* = 31\V42’ 3Hp = -V’
v
N' =
= M2V
1 A%
N// -
M2 + MQ(V/)Q

N// B M4V,2 Vv//M4(V/)2

N2 V2p2 M2(V)2V2 =2e—n
fan = —— (20 — 4¢)
NL = =994l

(113)

(114)

(115)

(116)



single field inflation predicts fyr ~ O(e)

generic multifield inflation models predict fyp ~ O(1) (with
exceptions)

Planck is expected to be able to detect |fnr| > 5

detection: single field inflation ruled out, many models in big

trouble
non-gaussianity may also be generated after inflation

preheating may lead to very large non-gaussianity (see e.g.
JCAP 0808:002,2008.)



e 2-point correlator = spectrum P(k)

e 3-point correlator = bispectrum P(kq, k2)
- correlator = triangles of different size and form
- in general fyr = fynp(k1, ke, k3)

e 4-point correlator = trispectrum with gy (connected part)

and Tnr ~ f%; (disconnected part)



Curvaton models

Standard scenario: inflaton fluctuates = adiabatic

perturbation = imprinted on decay products

All light fields fluctuate during inflation = isocurvature
perturbation

If some field is long-lived, its energy density may become the
dominant energy form = at the decay, the isocurvature
perturbation is converted into adiabatic perturbation

if inflaton perturbations are small enough, the curvature
perturbation will be due to curvaton alone
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Figure 5: Curvaton model schematically



The effectively massless curvaton field o has the spectrum

H,
2T

g:«%ﬁ:( )in%<H* (117)

where H, is the Hubble rate during inflation and p, < pins. The

initial value is o,.. After inflation curvaton starts to oscillate when
H~H,/t ~m, (118)
For quadratic potential ¢ and do evolve in the same way:
§+micoc=0= 06 +m2c =0 (119)

Thus

2
50:50*N(H*> (120)



Curvaton energy density is

1 1 1
;%::5&?+§wﬁ:=§nﬁa§, (121)

where o is the amplitude of the oscillations. Thus the energy

density perturbation

_0ps _ 4,00 (122)

Po o

and the curvature perturbation due to the curvaton is

Spe 16p, 1
(=—pgPle _ 20Ps _ - (123)
Po 3 po 3

since py ~ a”°.



The total curvature perturbation is

0 3 oSo
(= —H% - oS (124)
p 4Apr +3ps
since for radiation p, ~ a~* and we assume that ép, ~ 0. Thus we
may write
¢ o 515 (125)
40, + 3ps 4

where 7 1s now the fraction

4ps o .
Po_ P2 ifp <« 1. (126)

r = ~
4pr + 3ps Pr




Non-gaussianity in curvaton models

The number of e-folds between the time the curvaton starts to
oscillate and its decay is

osc 1 l > 3
N =Indese — 2y 21007 (127)
Adec 3 pdec(o-)
and
ON r
N/ p— p—
0o, 20,
1 8
N// = O-—z <—§T3 — T2 —|— ”I“) (128)
The non-gaussianity parameter in the curvaton model is thus
3 1 N” 5 5 5
—— = — = =—+4-r— — 129
sINL = g e T INE = 5T Ty (129)

e large non-gaussianity when r — 0 = constraint on r.



4

Computing N'’: since for radiation p ~ a T, write
1 pr(ts)
N=_1n "7 (130)
4 pT‘(tdec)
while
2 92 pr(tx) 3/4
po(tgee) = —mZo? [ "2 (131)
2 p(tdec)
where p(tgee) = Pr(tgee) + Po(tgec) and the decay takes place on a constant density
hypersurface, i.e. total density does not depend on ox:
/ /
Likewise, since the curvaton energy is negligible at the end of inflation,
9o pr(tx) =0 . (133)
Thus
1 ph(tgee) 1 pg(tgee)
N/ — __FIr dec _ _Ffo dec (134)
4 Pr(tdec) 4 pT‘(tdec)
We also find that
/ /
’ P 3 P ’ dpopr 1
pp = —— + —po—— = p, = (135)
20« 4 Pr 4pr + 3po 20x%
so that
, T
N = (136)

20'*



e curvaton interactions can change the results
e field oscillations in the non-quadratic regime—mnonlinearites

e e.g. fnyr ~ 0 possible
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