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From Partons ...
• Main Tool

• Lowest-Order Matrix Elements calculated in a fixed-order 
perturbative expansion → parton-parton scattering cross sections
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L=...

L → LanHEP/FeynRules → MadGraph/CompHEP/CalcHEP/… → partons

Question: what is
the colour factor?
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Reality is more complicated 

        ... to Pions

!"#$%&'()*+,'*,-
./.,)&0.%
")&,'(12/)%

3



Complications

• Additional jets change signal topology

• K factors change cross sections (total and differential)

LO = Leading Order and Totally Inclusive

Radiative corrections
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Complications
LO = Perturbative and Factorized

• No major changes to event rates or topologies

• Aparatus > 1fm away from interaction point

• Important for calibration and precision

Hadronization, Underlying Event, 
Beam Remnants, Hadron Decays, ...
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Overview

1. Fundamentals of QCD

2. QCD in the Ultraviolet

3. QCD in the Infrared

4. Monte Carlo Generators

5. Jets & Matching

6. Getting (kick)started with PYTHIA 8 
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Beware the Bjorken Scaling
Small absolute value of coupling, but … 
Singular enhancements in soft/collinear regions
+ Dynamics ≈ conformal (Bjorken scaling) 
⇒ Soft/collinear enhancements also scale … 

Asymptotic Freedom

At High Energies
QCD is weak → quarks and gluons almost free
Smaller coupling
→ Perturbation theory better behaved
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J.D. “BJ” Bjorken
(b. 1934)



Conformal QCD

Bremsstrahlung
Rate of bremsstrahlung jets mainly depends on the 
RATIO of the jet pT to the “hard scale”

Alwall, de Visscher, Maltoni:  
JHEP 0902(2009)017 

Plehn, Tait: 0810.2919 [hep-ph]  
Plehn, Rainwater, PS: PLB645(2007)217  

See, e.g., 
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Eg., Drell-Yan
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Rate of 50-GeV jets
in production of 10X

Eg.,Heavy Particle at LHC
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Naively, brems suppressed by αs≈0.1
Truncate at fixed order = LO, NLO, …

But beware the jet-within-a-jet-within-a-jet …

Example: 
SUSY pair production at 14 TeV, with MSUSY ≈ 600 GeV 

Conformal QCD

100 GeV can be “soft” at the LHC

! Naively, brems suppressed by !s ~ 0.1 
•  Truncate at fixed order = LO, NLO, … 
•  However, if ME >> 1 ! can’t truncate! 

! Example: SUSY pair production at 14 TeV, with MSUSY ~ 600 GeV 

•  Conclusion: 100 GeV can be “soft” at the LHC 
"  Matrix Element (fixed order) expansion breaks completely down at 50 GeV 
"  With decay jets of order 50 GeV, this is important to understand and control 

FIXED ORDER pQCD 

 inclusive X + 1 “jet” 

 inclusive X + 2 “jets” 

LHC - sps1a - m~600 GeV Plehn, Rainwater, PS PLB645(2007)217  

(Computed with SUSY-MadGraph) 

Cross section for 1 or 
more 50-GeV jets 
larger than total !, 
obviously non-
sensical 

Alwall, de Visscher, Maltoni,  JHEP 0902(2009)017 

σ for X + jets much larger 
than naive estimate

! Naively, brems suppressed by !s ~ 0.1 
•  Truncate at fixed order = LO, NLO, … 
•  However, if ME >> 1 ! can’t truncate! 

! Example: SUSY pair production at 14 TeV, with MSUSY ~ 600 GeV 

•  Conclusion: 100 GeV can be “soft” at the LHC 
"  Matrix Element (fixed order) expansion breaks completely down at 50 GeV 
"  With decay jets of order 50 GeV, this is important to understand and control 

FIXED ORDER pQCD 

 inclusive X + 1 “jet” 

 inclusive X + 2 “jets” 

LHC - sps1a - m~600 GeV Plehn, Rainwater, PS PLB645(2007)217  

(Computed with SUSY-MadGraph) 

Cross section for 1 or 
more 50-GeV jets 
larger than total !, 
obviously non-
sensical 

Alwall, de Visscher, Maltoni,  JHEP 0902(2009)017 

σ for 50 GeV jets ≈ larger 
than total cross section → 

not under control

Know your signal
Especially if looking for decay 

jets of similar p⊥

Caused by the conformal nature of quantum fluctuations inside fluctuations inside fluctuations ...



Brems
Charges 
Stopped

Associated field 
(fluctuations) continues

ISRISR
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The harder they stop, the harder the 
fluctations that continue to become strahlung



The Ultraviolet

Factorization
Factorization and Infrared Safety

Matrix Elements (fixed order pQCD)

LO, NLO, and all that
Region of applicability

Beyond Fixed Order
PDFs, Fragmentation functions, resummation
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Collider Energy Scales

Hadron Decays 

Non-perturbative 
hadronisation, color reconnections, beam remnants, 
strings, non-perturbative fragmentation functions, 
charged/neutral ratio, baryons, strangeness... 

Soft Jets and Jet Structure 
Bremsstrahlung, underlying event (multiple 
perturbative parton interactions + more?), semi-hard 
brems jets, jet broadening, … 

My Resonance Mass… 

Hard Jet Tail 
High-pT jets at large angles 

s 

Do we really need to calculate 
all this?

Inclusive 

Exclusive 
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Subdivide a calculation

Perturbative, Calculable

Perturbative, Calculable

Non-Perturbative

Factorization

Q2 Resolved
UnresolvedUniversal

Fit/Tune to data (in reference process)

Then re-use for all
(e.g., PDFs)
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Subdivide a calculation

Perturbative, Calculable

Perturbative, Calculable

Non-Perturbative

Factorization

Q2 Resolved
Unresolved

Dependence on

Single-Scale problems:
QF ≈ Qhard ≈ m and/or p⊥

Multi-Scale problems:
No unique agreement

More later ...

Factorization Scale
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Subdivide a calculation

Perturbative, Calculable

Perturbative, Calculable

Non-Perturbative

Factorization

Q’2
Resolved

Unresolved
You will most likely 
only encounter one: 
Modified Minimal 
Subtraction, MS

Dependence on

Factorization Scale

Factorization Scheme
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Factorization:  expresses the independence of long-wavelength (soft) 
emission on the nature of the hard (short-distance) process. 

Factorization Theorem
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€ 
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Illustration by M. Mangano

  sum over long-wavelength histories 
leading to a with xa at the scale Qi2

  

€ 

 
p j = x

 
P proton

Parton distribution 
functions (PDF)
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(ISR)
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  Sum over long-wavelength histories 
from      at Qf2 to X
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Fragmentation 
Function (FF)

(FSR and Hadronization)

+ (At H.O. each of these defined in a specific scheme, usually MS)



Matrix Elements 
Fixed-Order perturbative QCD
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Distribution of observable: O
In production of X + anything

Phase Space

QCD at Fixed Order
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Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 

Sum over 
“anything” ≈ legs

Cross Section 
differentially in O

Matrix Elements
for X+k at (l) loops

Sum over identical
amplitudes, then square

Evaluate 
observable → 

differential in O

Momentum
configuration

Truncate at k=0, l=0 
→ Born Level = First Term

Lowest order at which X happens



Distribution of observable: O
In production of X + anything

Phase Space

QCD at Fixed Order
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Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 

Sum over 
“anything” ≈ legs

Cross Section 
differentially in O

Matrix Elements
for X+k at (l) loops

Sum over identical
amplitudes, then square

Evaluate 
observable → 

differential in O

Momentum
configuration

Truncate at k=n, l=0 
→ Leading Order for X + n

Lowest order at which X + n happens



Distribution of observable: O
In production of X + anything

Phase Space

QCD at Fixed Order

20

Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 

Sum over 
“anything” ≈ legs

Cross Section 
differentially in O

Matrix Elements
for X+k at (l) loops

Sum over identical
amplitudes, then square

Evaluate 
observable → 

differential in O

Momentum
configuration

Truncate at k+l = n 
→ NnLO for X

Includes Nn-1LO for X+1, Nn-2LO for X+2, …



Fixed-Order Monte Carlo
(e.g., AlpGen, CalcHEP, CompHEP, MadGraph, …)
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Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 

Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 

Fixed Order 
(all orders) 

“Experimental” 
distribution of 
observable O in 
production of X: 

k : legs ! : loops {p} : momenta 

High-dimensional problem 
(phase space) 

d!5 ! Monte Carlo integration 

Principal virtues 

1.  Stochastic error O(N-1/2)  
independent of dimension  

2.  Full (perturbative) quantum 
treatment at each order 

3.  (KLN theorem: finite answer at 
each (complete) order) 

Note 1: For k larger than 
a few, need to be quite 
clever in phase space 
sampling 

Note 2: For k+! > 0, need to be 
careful in arranging for real-
virtual cancellations 

“Monte Carlo”: N. Metropolis, first Monte Carlo calculation 
on ENIAC (1948), basic idea goes back to Enrico Fermi 



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

Born

M. Born
(1882-1970)
Nobel 1954



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

X+2 @ LO

Note: σ → ∞ 
if both jets 
not resolved



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

X @ NLO
(includes X+1 @ LO)

Note: X+1 jet 
observables 
only correct 

at LO



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

X+1 @ NLO
(includes X+2 @ LO)

Note: X+2 jet 
observables 
only correct 

at LO

Note: σ → ∞ 
if no jet 
resolved



Loops and Legs

Another representation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

X @ NNLO
(includes X+1 @ NLO)
(includes X+2 @ LO)

Note: X+2 jet 
observables 
only correct 

at LO

σ → σNNLO  
if no jet 
resolved



Born:

Born + n

Infrared divergent → Must be regulated
R = some Infrared Safe phase space region

(Often a cut on p⊥ > n GeV)

Careful not to take it too low!

Cross sections at LO
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LO, NLO, etc

σBorn =
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�

R
|M (0)
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LO, NLO, etc

σBorn =

�
|M (0)

X |2

σLO

X+1(R) =

�

R
|M (0)

X+1
|2

σNLO

X = σBorn +

�
|M (0)

X+1
|2 +

�
2Re[M (1)

X M (0)∗
X ]

σNLO

X =

�
|M (0)

X |2 +

�
|M (0)

X+1
|2 +

�
2Re[M (1)

X M (0)∗
X ]

σNLO

X = σBorn+Finite

��
|M (0)

X+1
|2
�

+Finite

��
2Re[M (1)

X M (0)∗
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� �
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Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NCZ → 3 jets:

qk

qi

qi

gjk
a

qk

qi

qi

gik
a

8

X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

if σ(X+n) ≈ σ(X) you got a problem
perturbative expansion not reliable



NLO:

KNL Theorem (Kinoshita-Lee-Nauenberg)
Singularities cancel at complete order (only finite terms left over)

Lemma: only after some hard work

Cross sections at NLO
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Z → 2 1-loop:

qk

qi

qk

gik
a

qi

qk

qk

16

(note: Not the 1-loop diagram squared)

LO, NLO, etc

σBorn =
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Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z → 3 jets:

qk

qi
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gjk
a

qk

qi

qi

gik
a
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LO, NLO, etc

σBorn =
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X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

σ1(e+e− → qq̄(g)) = σ0(e+e− → qq̄)
�
1 +

αs(ECM)
π

+ O(α2s)
�



Cross Sections at NNLO

NNLO
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LO, NLO, etc
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1-Loop × 1-Loop

Z → 2 2-loop:
qk

qi

qj

gij
a

qk

gjk
b

qj

qi

qk

qk

17

Z → 2 1-loop squared:

qk

qi

qk

gik
a

qi

qk

qi

qk

gik
a

qi

18

Z → 2 1-loop squared:

qj

qi

qk

gik
c

qi
gjk

agij
b

qj

qk

qk

gjk
a

18

Z → 4:
qj

qi

qk

gik
a

qi
gij

b

qj

qi

qk

gik
a

qi
gij

b
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X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

Two-Loop × Born Interference

1-Loop × Real (X+1)

Real × Real (X+2)



Fixed-Order QCD

What kind of observables can we 
evaluate this way?

Perturbation theory valid → αs must be small
→ All Qi >> ΛQCD

Multi-scale: abensence of enhancements from 
soft/collinear singular (conformal) dynamics 

→ All Qi/Qj ≈ 1

All resolved scales >> ΛQCD AND no large hierarchies*

*)At “leading twist” (not counting underlying event)
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Fixed-Order QCD

Trivially untrue for QCD
We’re colliding, and observing, hadrons → small scales
We want to consider high-scale processes → large scale differences

All resolved scales >> ΛQCD AND no large hierarchies*

*)At “leading twist” (not counting underlying event)

→ A Priori, no perturbatively calculable 
observables in hadron-hadron collisions
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Resummed QCD

Trivially untrue for QCD
We’re colliding, and observing, hadrons → small scales
We want to consider high-scale processes → large scale differences

All resolved scales >> ΛQCD AND no large hierarchies*

*)At “leading twist” (not counting underlying event)

→ A Priori, no perturbatively calculable 
observables in hadron-hadron collisions

Factorization

dσ

dX
=

�

a,b

�

f

�

X̂f

fa(xa, Q
2
i )fb(xb, Q

2
i )

dσ̂ab→f(xa, xb, f, Q2
i , Q

2
f)

dX̂f

D(X̂f → X, Q2
i , Q

2
f)

20

PDFs: needed to compute 
inclusive cross sections

FFs: needed to compute (semi-)
exclusive cross sections

All resolved scales >> ΛQCD AND X Infrared Safe
*)At “leading twist” (not counting underlying event)
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Beyond Fixed Order
Resummation

Parton Densities & Fragmentation Functions

34
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! Starting point: Matrix Elements + Parton Showers  
2!n hard parton scattering at (N)LO 

QF >> !QCD 

QF 

QF 

2!n 

! Starting point: Matrix Elements + Parton Showers  
2!n hard parton scattering at (N)LO 

+ Bremsstrahlung " 2!" at (N)LL 

QF >> !QCD 

QF 

QF 

2!n 

IS
R 

IS
R 

FS
R 

FS
R 

! Starting point: Matrix Elements + Parton Showers  
2!n hard parton scattering at (N)LO 

+ Bremsstrahlung " 2!" at (N)LL 

QF >> !QCD 

QF 

QF 

2!n 

IS
R 

IS
R 

FS
R 

FS
R 

Resummed QCD

n = a handful

+ resonance 

decays



Bremsstrahlung
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!"
#$

!"
#$% &
!"

#$% &
!"

#$%&

!"#$%"
#$&#&%"

“DLA” 

But something’s not right… Interpretation:  the structure evolves 

This is an approximation to 
inifinite-order tree-level 
cross sections Total cross section 

would be infinite … 



Loops and Legs

Summation
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X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

The Virtual 
corrections 
are missing

Conformal/Bjorken
Scaling

Jet-within-a-jet-within-a-jet-...



Resummation
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!"

#$%&

!"#$%"
#$&#&%"

“DLA” 

!  Interpretation:  the structure evolves! (example: X = 2-jets) 
•  Take a jet algorithm, with resolution measure “Q”, apply it to your events 
•  At a very crude resolution, you find that everything is 2-jets  

•  At finer resolutions ! some 2-jets migrate ! 3-jets = "X+1(Q) = "X;incl– "X;excl(Q) 
•  Later, some 3-jets migrate further, etc ! "X+n(Q) = "X;incl– #"X+m<n;excl(Q) 
•  This evolution takes place between two scales, Qin ~ s and Qend ~ Qhad 

!  "X;tot  = Sum ("X+0,1,2,3,…;excl ) = int(d"X) 



Resummation
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!"
#$

!"
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!"

#$% &
!"

#$%&

!"#$%"
#$&#&%"

“DLA” 

But something’s not right… Interpretation:  the structure evolves + UNITARITY:
Virt = - Int(Tree) + F

(or: given a jet definition, an event 
has either 0, 1, 2, or n jets)

!X+1(Q) = !X;incl– !X;excl(Q) 

This includes both real and 
virtual corrections 

KLN



Loops and Legs

Resummation

40

X(2) X+1(2) …

X(1) X+1(1) X+2(1) X+3(1) …

Born X+1(0) X+2(0) X+3(0) …

Lo
op

s

Legs

Born+Res

Unitarity

Conformal/Bjorken
Scaling

Jet-within-a-jet-within-a-jet-...

Exponentiation



Structures in pQCD
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High QF

αX × αs3

(X+3) (no hierarchy)
→ Order αs3 matrix 
elements + PDFs OK

αX × αs3

X+2+1 hierarchy
→ Born + NLL = OK

X+3 hard jets

High QF

Low QF

αX × αs3

X+1+1+1 hierarchy
(strongly ordered)
→ Born + LL = OK

X+3 strongly
ordered emissions

X+2 unordered
emissions + 1 ord.

High QF

Low QF

αX × αs3

(X+2)+1 hierarchy
→ Order αs2 ME + 
LL + PDFs = OK

X+2 hard jets
+ ord. ems.

High QF

Low QF



Structures in pQCD
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αX × αs3

X+3 hierarchy
→ Born + NNLL = OK

X+3 unordered
emissions

αX × αs3

(X+3) (no hierarchy)
→ Order αs3 matrix 
elements + PDFs OK

X+3 hard jets

High QF

Low QF

αX × αs3

X+1+1+1 hierarchy
(strongly ordered)
→ Born + LL = OK

X+3 strongly
ordered emissions

High QF

Low QF

αX × αs3

(X+2)+1 hierarchy
→ Order αs2 ME + 
LL + PDFs = OK

X+2 hard jets
+ ord. ems.

High QF High QF

Low QF



Structures in pQCD
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High QF High QF High QF

Hard
substructure
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L R
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n
(Match
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Matri
x E
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 not
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X + n Jets
(+ Strongly Ordered Substructure)



Uncertainties

Uncalculated Orders
Can be large if we’re in uncontrolled region

e.g, “conformal” examples before
How to know?

How to estimate? (reliably?)

+ Non-Perturbative Effects
IR safety → as small as possible
IR safety → perturbative singularities cancel among themselves

+ Non-Factorizable Effects
Will get back to these tomorrow
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Uncalculated Orders

Naively O(αs) - True in e+e- !

Generally larger in hadron collisions
Typical “K” factor in pp ( = σNLO/σLO) ≈ 1.5 ± 0.5
Why is this? Many pseudoscientific explanations

45

σ1(e+e− → qq̄(g)) = σ0(e+e− → qq̄)
�
1 +

αs(ECM)
π

+ O(α2s)
�

Explosion of # of diagrams (nDiagrams ≈ n!)
New initial states contributing at higher orders (E.g., gq → Zq)
Inclusion of low-x (non-DGLAP) enhancements
Bad (high) scale choices at Lower Orders, … 

Their's not to reason why // Their's but to do and die
The Charge of the Light Brigade, by Alfred, Lord Tennyson



Why scale variation ~ uncertainty?
Scale dependence of calculated orders must be canceled by 
contribution from uncalculated ones (+ non-pert)

1. Changing the scale(s)

46

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

b0 =
11NC − 2nf

12π

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

→ αs(Q’2) |M|2 - αs(Q2) |M|2 ≈ αs2(Q2) |M|2 + … 

→ Generates terms of higher order, but proportional to what 
you already have → a first naive* way to estimate uncertainty 
*warning: some theorists believe it is the only way … but be agnostic! There are other things than scale dependence … 



Complicated final states
Intrinsically Multi-Scale problems
with Many powers of αs

E.g., W + 3 jets in pp

Dangers

47

Hardest 
imaginable scale

Global Scaling: jets don’t care about mW
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Complicated final states
Intrinsically Multi-Scale problems
with Many powers of αs

E.g., W + 3 jets in pp

Dangers
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Whatever they might tell you
If you have multiple QCD scales
→ variation of μR by factor 2 in each 
direction not good enough! (nor is × 3, nor × 4)

Need to vary also functional dependence 
on each scale! 



2. Infrared Safety

Definition
An observable is infrared safe if it is insensitive to

SOFT radiation: 
Adding any number of infinitely soft particles should not 
change the value of the observable

COLLINEAR radiation:
Splitting an existing particle up into two comoving particles 
each with half the original momentum should not change 
the value of the observable
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(Not accidentally, these are the two singular limits from before)



Theorem:
For all “IR Safe Observables”, hadronization corrections 
(non-perturbative corrections) are POWER SUPPRESSED

All “non-IR Safe Observables” receive logarithmically 
divergent pQCD corrections in the IR, which must be 
canceled by logarithmically divergent hadronization 
corrections → VERY sensitive to UV→IR transition

IR Safety

50

appears to be able to account for. It therefore appears plausible that a universal modeling of the underly-
ing event must take into account that the hard-scattering and underlying-event components can involve
similar time scales and have a common, correlated evolution. It is in this spirit that the concept of “in-
terleaved evolution” [12] was developed as the cornerstone of the p⊥-ordered models [12, 13] in both
PYTHIA 6 [14] and, more recently, PYTHIA 8 [15], the latter of which now also incorporates a model of
parton rescattering [16].

The second tool, infrared safety1, provides us with a class of observables which are insensitive to
the details of the long-distance physics. This works up to corrections of order the long-distance scale
divided by the short-distance scale to some (observable-dependent) power, typically

IR Safe Corrections ∝
Q2

IR

Q2
UV

(1)

where QUV denotes a generic hard scale in the problem, and QIR ∼ ΛQCD ∼ O(1 GeV). Of course,
in minimum-bias, we typically have Q2

UV ∼ Q2
IR, wherefore all observables depend significantly on

the IR physics (or in other words, when IR physics is all there is, then any observable, no matter how
carefully defined, depends on it).

Even when a high scale is present, as in resonance decays, jet fragmentation, or underlying-event-
type studies, infrared safety only guarantees us that infrared corrections are small, not that they are zero.
Thus, ultimately, we run into a precision barrier even for IR safe observables, which only a reliable
understanding of the long-distance physics itself can address.

Finally, there are the non-infrared-safe observables. Instead of the suppressed corrections above,
such observables contain logarithms

IR Sensitive Corrections ∝ αn
s log

m

(

Q2
UV

Q2
IR

)

, m ≤ 2n , (2)

which grow increasingly large as QIR/QUV → 0. As an example, consider such a fundamental quantity
as particle multiplicities; in the absence of nontrivial infrared effects, the number of partons that would
be mapped to hadrons in a naı̈ve local-parton-hadron-duality [17] picture would tend logarithmically to
infinity as the IR cutoff is lowered. Similarly, the distinction between a charged and a neutral pion only
occurs in the very last phase of hadronisation, and hence observables that only include charged tracks
are always IR sensitive.

Minimum-bias (MB) and Underlying-Event (UE) physics can therefore be perceived of as offering
an ideal lab for studying nonfactorised and nonperturbative phenomena, with the added benefit of having
access to the highest possible statistics in the case of min-bias. In this context there is no strong prefer-
ence for IR safe over IR sensitive observables; they merely represent two different lenses through which
we can view the infrared physics, each revealing different aspects. By far the most important point is
that it is in their combination that we achieve a sort of stereo vision, in which infrared safe observables
measuring the overall energy flow are simply the slightly averaged progenitors of the spectra and cor-
relations that appear at the level of individual particles. A systematic programme of such studies can
give crucial tests of our ability to model and understand these ubiquitous components, and the resulting
improved physics models can then be fed back into the modeling of high-p⊥ physics.

1By “infrared” we here mean any non-UV limit, without regard to whether it is collinear or soft.
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IR Safety

Compare an IR safe and unsafe Jet
May look pretty similar in experimental environment

(proof that nature has no trouble canceling all 
divergencies, no matter what the observable)

So what’s the trouble?
It’s not nice to your theory friends … 

If they use a truncation of the theory (i.e., pQCD)
pQCD badly divergent if IR unsafe, but only power 
corrections if IR safe

Even if they have a hadronization model 
Dependence on hadronization model → larger uncertainty
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Stereo Vision

Use IR Safe algorithms
To study short-distance physics
These days, as fast as IR unsafe algos and widely 
implemented (e.g., FASTJET), including

Then use IR Sensitive observables
E.g., number of tracks, identified particles, …
To explicitly check hadronization and other IR models
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“Cone-like”: SiSCone, Anti-kT, … 
“Recombination-like”: kT, Cambridge/Aachen, … 

More about IR in next lecture …



Ultraviolet - Summary

Your friends
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Factorization
Allows you to do meaningful calculations in pQCD
And allows you to make universal fits of non-pQCD to 
data (e.g., PDFs, fragmentation functions)

Infrared Safety
Allows you to minimize the sensitivity to the non-pQCD 
corrections (and do meaningful comparisons to pure pQCD)

Unitarity
Allows you to “guess” virtual corrections from real ones 
→ enables you to “resum” parts of pQCD to all orders!


