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Figure 39: Summary of |Vub| and |Vcb| determinations. The black solid and dashed
lines correspond to 68% and 95% C.L. contours, respectively. The result of the global

fit (which does not include |Vub/Vcb| from baryon modes nor |Vcb| from Bs ! D(⇤)
s `⌫)

is (|Vcb|, |Vub|) = (39.75 ± 0.69, 3.61 ± 0.14) ⇥ 10�3 with a p-value of 0.74. The lat-
tice and experimental results that contribute to the various contours are the following.
B ! ⇡`⌫: lattice (FNAL/MILC [559], RBC/UKQCD [560], and JLQCD [561]) and ex-
periment (BaBar [652, 653] and Belle [654, 655]). B ! D`⌫: lattice (FNAL/MILC [610]
and HPQCD [611]) and experiment (BaBar [670] and Belle [669]). B ! D⇤`⌫: lattice
(FNAL/MILC [609]) and experiment (Belle [661]). B ! ⌧⌫: lattice (fB determinations
in Fig 27) and experiment (BaBar [530] and Belle [529]). Bs ! K`⌫/Bs ! Ds`⌫: lat-
tice (HPQCD [571], RBC/UKQCD [575], FNAL/MILC [574], HPQCD [617]) and experi-
ment (LHCb [674]). ⇤b ! p`⌫/⇤b ! ⇤c`⌫: lattice (Detmold 15 [518]) and experiment
(LHCb [636]). Bs ! D⇤

s`⌫/Bs ! Ds`⌫: lattice (HPQCD 19 [617] and HPQCD 19B
[616]) and experiment (LHCb [618, 619]). The inclusive determinations are taken from
Refs. [169, 263, 672] and read (|Vcb|, |Vub|)incl = (42.16± 0.51, 4.32± 0.29)⇥ 10�3.
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Perturbative QCD!

Γ3 = Γ(0)
3 + αsΓ(1)

3 + α2
s Γ(2)

3 + α3
s Γ(3)

3

c

b l

ν̄l

b b

Free quark decay

c

b l

ν̄l

b b

b b

Kinetic term , chromomagnetic term μ2
π μ2

G

Darwin term  

Spin-Orbit term 

ρ3
D

ρ3
LS

𝒪3 𝒪5

𝒪6

M. Fael | SM@LHC 2024 | Rome | May 10th 2024 3



 

SPECTRAL MOMENTS

⟨On⟩cut = ∫cut
(O)n dΓ

dΦ
dΦ/ ∫cut

dΓ
dΦ

dΦ

Cut: moments are measured with progressive cuts in  or El q2

O = (pl + pν)2 = q2

O = (pB − q)2 = M2
X

O = vB ⋅ pl = El
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Q2 MOMENTS
O = (pl + pν)2 = q2

O = (mBvB − q)2 = M2
X

O = vB ⋅ pl = El

∂O
∂vB

= 0

➤  and  are invariant under reparametrization 

➤ HQE parameters: 8 instead of 13 up to  

➤ NEW METHOD: extract  from  moments

Γsl ⟨q2n⟩

1/m4
b

|Vcb | q2

MF, Mannel, Vos, JHEP 02 (2019) 177

# 12How to measure spectral moments
Key-technique: hadronic tagging

Can identify Xc 
constituents

q2 = (psig − pXc)
2

MX = (pXc
)μ(pXc

)μ

7

FIG. 4. MX and q2 spectra with B ! Xc ` ⌫̄` and background
components normalized to the results of the MX fits.

The event-wise signal probability w is obtained by con-
structing a binned probability as a function of q2 via

wi(q
2) = (ni � ⌘̃BB f̃BB

i � ⌘̃qq̄ f̃
qq̄
i )/ni , (15)

where f̃i is the estimated fraction of events reconstructed
in bin i of q2 for a given background category estimated
from the simulation and ⌘̃ denote the sum of the esti-
mated number of background events from the MX fits.

We calculate a continuous signal probability w(q2) by
interpolating the binned distribution with smoothed cu-
bic splines [52]. Negative probabilities are set to zero.
The cubic-spline fit and statistical uncertainties of the
signal probability are shown in Fig. 5. The statistical
uncertainty on hq2ni is evaluated by a bootstrapping pro-
cedure [53] and a selection of spline fits from replicas is
shown in Fig. 5. The statistical uncertainty of w(q2) in-
creases towards large q2.

B. q2
Calibration

The q2 distribution from the kinematic fit is calibrated
exploiting the linear relationship between reconstructed
and generated moments. Figure 6 shows the linear rela-
tionship for simulated events for the first moment and as

FIG. 5. Binned signal probability wi together with a
smoothed cubic-spline fit (dark red). In addition, variations
of the signal spline fit (light red) determined with bootstrap
replicas are shown.

functions of q2 threshold between the reconstructed and
true q2 distribution. We calibrate each event with

q2ncalib = (q2nreco � cn)/mn, (16)

with cn and mn the intercept and slope of the linear
relationship for a given moment of order n. More details
on the linear calibration for the higher moments can be
found in Appendix B.

Due to the linearity of the calibration, a small bias
remains, which we corrected with an additional multi-
plicative calibration factor in Eq. (13) calculated from
simulated events by comparing the calibrated hq2ncalibi and
true generated hq2ngen,seli moments,

Ccalib = hq2ngen,seli/hq
2n
calibi . (17)

The Btag reconstruction and the Belle II detector accep-
tance and performance result in an additional bias. To
account for these effects we apply a second multiplica-
tive calibration factor Cgen by comparing the generated
moments with all selection criteria applied (hq2ngen,seli) to
their value without any selection applied (hq2ngeni),

Cgen = hq2ngeni/hq
2n
gen,seli . (18)

The hq2ngeni are determined from an MC sample without
Photos simulation and also corrects for FSR.

Both Ccalib and Cgen are determined for each q2 thresh-
old and from independent samples from those used to
determine the linear calibration function. The Ccalib fac-
tors range between 0.98 and 1.02 depending on the lower
q2 threshold. The Cgen factors vary between 0.90 and
1.00 with lower selection threshold values tending to have
higher corrections. More details on the event-wise cali-
bration can be found in Appendix C.

Hadronic Tagging

with Belle II algorithm (FEI)

[Full Event Interpretation, T. Keck et al,

Comp. Soft. Big. Sci 3 (2019), 
arXiv:1807.08680]

Signal

Continuum
B Bkg.

Signal
B Bkg.

Continuum

[PRD 107, 072002 (2023), arXiv:2205.06372]

Hadronic Tagging with Belle II algorithm
Keck et al, Comput.Softw. Big Sci. 3 (2019) 1, 6

First new data since 2010!

Measurements of  moments of inclusive 
 decays with hadronic tagging

q2

B → Xcl+νl
Belle, Phys. Rev. D 104, 112011 (2022) 
Belle II, Phys. Rev. D 107, 072002 (2023)

New: Inclusive semileptonic  
decays to order 

b → clν̄l
1/m5

b

➤ 10 instead of 19 HQE parameters 

Mannel, Milutin, Vos, hep-ph/2311.12002
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 FROM  MOMENTS|Vcb | q2

|Vcb | = (41.69 ± 0.59fit ± 0.23h.o.) × 10−3

= (41.69 ± 0.63) × 10−3

Bernlochner, MF, Olschwesky, Person, van Tonder, Vos, Welsch,  
JHEP 10 (2022) 068

� tree ↵s ↵
2

s ↵
3

s

Partonic 3 3 3 3

µ
2

G 3 3

⇢
3

D 3 3

1/m4

b 3

m
kin

b /mc 3 3 3
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µ
2

G 3 3

⇢
3

D 3 3

1/m4

b 3

Table 1: Schematic overview of the perturbative corrections available for the partial rate �
and the q

2 moments. Green checkmarks denote corrections that are known and built into
our code. Red checkmarks indicate corrections that are known, but currently not included
in our package. For references and further information we refer to the text.

where the explicit expression for d�(1)
/dq2 can be obtained from [28] (see also [38]). Re-

expanding the q
2 moments in (10) in ↵s, gives the explicit dependence on O(↵s) terms for

the normalized q
2 moments:

h(q2)ni
���
↵s

=
↵s

⇡

1
⇣
X

(0)

0

⌘2

⇣
X

(0)

0
X

(n)
1

�X
(n)
0

X
(0)

1

⌘
, (15)

and equivalently for the centralized moments.
The expressions in the on-shell scheme are a↵ected by a renormalon ambiguity leading

to a badly behaved perturbative series [45,46]. To avoid this, the heavy quark masses must
be converted from the on-shell scheme to a short-distance scheme. In this work, we adopt
the kinetic scheme [11, 12] for the bottom quark mass and the MS scheme for the charm
mass.

The definition of the kinetic mass is based on the relation between the masses of a heavy
meson and the corresponding heavy quark. Using perturbation theory, then gives a relation
between the on-shell mass (mOS

b ) and the kinetic mass (mkin

b (µ)):

m
OS

b = m
kin

b (µ) + [⇤(µ)]pert +
[µ2

⇡(µ)]pert
2mkin

b (µ)
+O

✓
1

m2

b

◆
.

The scale µ entering the definition of mkin

b (µ) and the perturbative version of the HQET
parameters plays the role of a Wilsonian cuto↵ with ⇤QCD ⌧ µ ⌧ mb. Currently the mass
relation is known at NNLO [47] and N3LO [48, 49] and hence can be consistently applied
to our results. In our analysis, we set µ = 1 GeV.

The perturbative versions of the HQET parameters are computed by making use of the
small velocity sum rules [11]. In the kinetic scheme, the HQE parameters must be also
redefined by subtracting the perturbative corrections:

µ
2

⇡(0) = µ
2

⇡(µ)� [µ2

⇡(µ)]pert , (16)

6

N3LO corrections to the total rate! 
MF, Schönwald, Steinhauser, Phys.Rev.Lett. 125 (2020) 5, 052003 
Phys.Rev.D 103 (2021) 1, 014005, Phys.Rev.D 104 (2021) 1, 016003

NNLO corrections missing!
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MF, Prim, Vos, Eur. Phys. J. Spec. Top. (2024). https://doi.org/10.1140/epjs/s11734-024-01090-w

Independent sets of data

➤ Difference mainly driven by the 
 average 

➤ We need new  
measurements to improve. 

➤ Challenging control sub-percent 
effects in the HQE

Br(B → Xclν̄l)

Br(B → Xclν̄l)
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|Vcb | = (42.00 ± 0.47) × 10−3



NNLO CORRECTIONS  SPECTRUMq2
MF, Herren, hep-ph/2403.03976

dΓ
d ̂q2

=
G2

Fm5
b

192π3
|Vcb |2 [F0(ρ, ̂q2) +

αs

π
F1(ρ, ̂q2) + ( αs

π )
2

F2(ρ, ̂q2)] + O ( 1
m2

b ) NEW: Analytic expressions at NNLO!

δ(p2L − q2) ×
b b

c

e

νe

−→

c

b b

ℒμν(pL) = ∫ LμνdΦ2(pL; pl, pν) =
1

384π5 (1 −
m2

ℓ

p2
L )

2

[(1 +
2m2

ℓ

p2
L ) pμ

L pν
L − gμν p2

L (1 +
m2

ℓ

2p2
L )]

Integration w.r.t. neutrino-electron phase space

Inverse unitarity

δ(p2
L − q2) →

1
2πi [ 1

p2
L − q2 − i0

−
1

p2
L − q2 + i0 ]

with ρ = mc /mb

NNLO calculation 

➤ Three-loop diagrams 

➤ Three different masses: m2
b , m2

c , q2
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NEW: NNLO CORRECTIONS Q2 SPECTRUM
MF, Herren, hep-ph/2403.03976
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Unfortunate choice of mc(2 GeV) Much better mc(3 GeV)

9M. Fael | SM@LHC 2024 | Rome | May 10th 2024

setup from: Bernlochner, MF, et al, JHEP 10 (2022) 068

NNLO effects mainly re-absorbed in the fit into 
a shift of  and  with reduced uncertainty. 
No major shift in .

ρD, rE rG
|Vcb |



• Interface to CRunDec for automatic ,  
and  RGE evolution 

• SM h.o. effects and NP effects 

• Observables 

• ,  

• Centralised moments ,  

• Centralised moments 

αs mkin
b

mc

Γsl ΔBr(Ecut)

⟨Eℓ⟩Ecut
⟨M2

X⟩Ecut

⟨q2⟩q2
cut

INCLUSIVE DECAYS: OPEN-SOURCE LIBRARY 

Nikolai Uraltsev 1957 - 2013 

https://gitlab.com/vcb-inclusive/kolya

Open-source python package: KOLYA

MF, Milutin, Vos, to appear soon

Florian Herren, Matthias Steinhauser, arXiv:1703.03751

MF, Rahimi, Vos, JHEP 02 (2023) 086
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COMBINED FIT: ,  AND  MOMENTSq2 El M2
X

➤ Old DELPHI, CDF, BaBar, Belle data:  
 

➤ New Belle & Belle II: 

⟨El⟩Ecut
, ⟨M2

X⟩Ecut
, ΔBrEcut

⟨q2⟩q2
cut

Finauri, Gambino, JHEP 02 (2024) 206
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Figure 7: Regions of ��
2  1 in the 2D planes (µ2

⇡, ⇢
3
D) (left) and (⇢3D, |Vcb|) (right). The dots

stand for the points at ��
2 = 0.

m
kin

b mc(2GeV) µ
2
⇡ µ

2

G(mb) ⇢
3

D(mb) ⇢
3

LS BRc`⌫ 103|Vcb|
4.573 1.090 0.454 0.288 0.176 �0.113 10.63 41.97
0.012 0.010 0.043 0.049 0.019 0.090 0.15 0.48

1 0.380 -0.219 0.557 -0.013 -0.172 -0.063 -0.428
1 0.005 -0.235 -0.051 0.083 0.030 0.071

1 -0.083 0.537 0.241 0.140 0.335
1 -0.247 0.010 0.007 -0.253

1 -0.023 0.023 0.140
1 -0.011 0.060

1 0.696
1

Table 4: Results of the updated fit in our default scenario (µc = 2 GeV, µs = mb/2). All
parameters are in GeV at the appropriate power and all, except mc, in the kinetic scheme at µk = 1
GeV. The first and second rows give central values and uncertainties, the correlation matrix follows.
�
2
min = 40.4 and �

2
min/dof = 0.546.

4 Summary and outlook

The recent measurements of the q
2-moments by Belle and Belle II [18, 19] has opened

new opportunities for the study of inclusive semileptonic B decays. In this paper we have
presented the results of a new calculation of the moments of the q

2 spectrum in inclusive
semileptonic B decays that includes contributions up to O(↵2

s�0) and O(↵s⇤3

QCD
/m

3

b). In
particular, we have reproduced many of the results presented in Refs. [15, 30] and computed
for the first time the BLM corrections O(↵2

s�0) to the q
2-moments. If we employ the results

– 18 –

|Vcb | = (41.97 ± 0.27exp ± 0.31th ± 0.25Γ) × 10−3

= (41.97 ± 0.48) × 10−3

Compared with 2021 fit: 0.51  0.48 reduction→
0.031  0.018 reduction→ Only  corrections included for α2

s β0 ⟨q2⟩

El

El

q2

q2

MX

MX
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MF, Prim, Vos, Eur. Phys. J. Spec. Top. (2024). https://doi.org/10.1140/epjs/s11734-024-01090-w

Independent sets of data

12M. Fael | SM@LHC 2024 | Rome | May 10th 2024

➤ Difference mainly driven by the 
 average 

➤ We need new  
measurements to improve. 

➤ Challenging control sub-percent 
effects in the HQE

Br(B → Xclν̄l)

Br(B → Xclν̄l)



NEW: BELLE II MEASUREMENT OF R(X)

R(Xℓ1/ℓ2
) =

ΓB→Xℓ1ν̄1

ΓB→Xℓ2ν̄l2

Rexp(Xe/μ) = 1.007 ± 0.009(stat) ± 0.019(syst)
Rexp(Xτ/l) = 0.228 ± 0.016(stat) ± 0.036(syst)
RSM(Xτ/l) = 0.225 ± 0.005

R(Xc) = 0.241 [1 − 0.156
αs

π
− 1.766 ( αs

π )
2

]
R(Xc)

q2>6 GeV2

= 0.350 [1 − 0.782
αs

π
− 8.355 ( αs

π )
2

]
MF, Herren, hep-ph/2403.03976

Enrichment with  selection cutq2

Belle II, hep-ex/2311.07248

Rahimi, Vos, JHEP 11 (2022) 007 
Ligeti, Luke, Tackmann, Phys. Rev. D 105, 073009 (2022)

Belle II, Phys.Rev.Lett. 131 (2023) 5, 051804

Belle II, hep-ex/2311.07248
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QED EFFECTS
Bigi, Bordone, Gambino, Haisch, Piccione, JHEP 11 (2023) 163

Exact  calculation vs  
collinear and threshold enhancements

𝒪(αem)

Threshold effects Collinear enhancement 

∼
4παem

9
∼ log ( m2

b

m2
e ) − 1

Γ
ΓLO

= 1 +
α
π (log

M2
Z

m2
b

−
11
6

+ 5.516 (14))
= 1 + 1.43% − 0.44% + 1.32 % = 1 + 2.31 %

RGE evolution Wilson coefficient Exact 𝒪(αem)

Well approximated by EW logs 
and threshold effects

●
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BaBar correction using PHOTOS 
BaBar, Phys. Rev. D 69 (2004) 111104

Effects not in PHOTOS:  
0.8% up shift 
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ELECTRON ENERGY MOMENTS
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Differences below 0.19% ( ) up to 21 % for the third momentℓ1, ℓ2
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LHCb: Inclusive Semileptonic  DecaysB0
s

De Cian, Feliks, Rotondo, Vos, 2312.05147 [hep-ph]

➤ Semileptonic : well-separated  spectrum  

➤ Avoid amplitude analysis and interference effects 

➤ Inclusive :                                     
sum-of-exclusive technique 

➤ Study SU(3) breaking in HQE

Bs Ds

Bs → Xcsℓν̄ℓ

2 2.5 3 3.5 4
M(Xcs) [GeV]

10

102

103

104

105

106

E
ve
nt
s
/
0.
00
3
G
eV

Table 2: The branching fraction of the contributions to the semileptonic decays.

B0
s
Decay B[%] (Conf. A) B[%] (Conf. B)

B0
s
! Xcs`⌫ 10.05±0.31 10.05±0.31

B0
s
! D+

s
`�⌫̄` [37] 2.44±0.23 2.44± 0.10

B0
s
! D⇤+

s
`�⌫̄` [37] 5.3±0.5 5.30 ±0.22

B0
s
! D⇤

s0(2317)`
�⌫̄` (see text) 0.3±0.3 0.30±0.03

B0
s
! D

0
s1(2460)`

�⌫̄` (see text) 0.3±0.3 0.30±0.03

B0
s
! Ds1(2536)`�⌫̄` 0.98±0.20 0.98±0.05

B0
s
! D⇤

s2(2573)`
�⌫̄` 0.58±0.20 0.58±0.04

B0
s
! D(⇤)K`�⌫̄` (see text) 0.15±0.15 0.150±0.015

experimental point of view, as the inclusive decay width can be treated as the sum of
exclusive resonant components.

Besides the states described so far, higher mass D+
s

states exist as well [29], they are
expected to predominantly decay in D0K+, D+K0 or DK⇡ combinations. These have been
observed in the study of the DK mass spectra in B0

s
! DK⇡ and B ! DK⇡ hadronic

decays, and in the DK⇡ mass spectrum of B0
! DDK⇡ decays [39].

In the following we briefly summarize the present knowledge, or expectations, on the
B0

s
semileptonic decays into D+

s
excited L = 1 states:

1. B0
s
! D⇤

s0µ
�⌫µ and B0

s
! D

0
s1µ

�⌫µ: these decays have not been observed yet. Since
the discovery of the D⇤

0 and D
0
s1 mesons, many calculations of the B0

s
! Ds1 and

B0
s
! D

0
s1 form factors have been reported. The predicted branching fractions are

in the range of 0.1% to 0.4%, [40, 41, 42, 43, 44, 45, 46]. In the following study we
assume a branching fraction of 0.3% for both B0

s
! D⇤

s0µ
�⌫µ and B0

s
! D

0
s1µ

�⌫µ

decays, with an uncertainty of 100%.

2. B0
s
! Ds1(2536)`�⌫̄`: this decay mode has been observed by D0 collaboration using

the D
0
s1 ! D+Ks decay [47], and by LHCb using the D

0
s1 ! D0K+ decay mode

[48]. Considering the Ds1(2536) decay modes shown in Table 1, we estimate B(B0
s
!

Ds1(2536)`�⌫̄`) = (0.98± 0.20)%.

3. B0
s
! D⇤

s2(2573)`
�⌫̄`: this has been observed by LHCb using the D⇤

s2 ! D0K+ decay
mode [48]. Taking into account the D⇤

s2(2573) decay modes shown in Table 1, we
estimate B(B0

s
! D⇤

s2(2573)`
�⌫̄`) = (0.58± 0.20)%.

We summarize the current knowledge of the semileptonic branching fractions of the B0
s

meson (measured or estimated) in the first column (Conf. A) in Table 2. Conf. B is a
future scenario that we discuss in the next section.

The semileptonic B0
s
decays into higher mass excited states has not been observed

yet, but their predicted branching fractions are below 0.1%, as shown in Refs. [49, 50].

8

D(*)K

Ds D*s

D*s0
D′ s1

Ds1

Ds2

Improve knowledge semileptonic   

Understand non-resonant   

For  and : Belle II@

B0
s → D**s

B0
s → D(*)Kℓν̄ℓ

Br(B0
s → Xcsℓν̄ℓ) |Vcb | Υ(5S)

hi = ⟨(M2
X − ⟨M2

X⟩)n⟩
MOMENTS OF THE HADRONIC INVARIANT MASS
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INCLUSIVE DECAYS ON THE LATTICE

b
c

b

s

xsrc xsnk

J†
µ(t2)J⌫(t1)

Gb(xsrc, x1)

⌃cbs(x1, xsrc)

x1 x2

Figure 2. Diagram of the four-point correlator. Two propagators used for the contraction are
depicted in the picture. The black one, Gb(xsrc, x1), is a propagator for the b quark from x1 to xsrc.
The green one, ⌃cbs(x1, xsrc), is a sequential propagator that propagates the s quark from xsrc to
xsnk, the b quark from xsnk to x2 and the c quark from x2 to x1.

In Sec. 4.4 we will use this relation to devise a cross-check of our method for the computation
of the inclusive decay rate by comparing with the exclusive decay to the ground state. Note
that because of the Dirac delta in (2.13) the integral over ! just selects the ground-state
energy for the Ds meson with a given momentum. This then implies that X̄(l) = X(l) up
to �(! �EDs). Further details on the ground-state limit can also be found in the Appendix
of [36].

2.3 Inclusive decays on an Euclidean space-time lattice

We now address the strategy for the computation of the inclusive decay rate on the lattice,
which follows [15, 17, 36]. The key quantity is the hadronic tensor in (2.4)

Wµ⌫(q) =
1

2MBs

Z
d4x eiq·x hBs| J

µ†(x)J⌫(0) |Bsi . (2.19)

The matrix element in Eq. (2.19) can be extracted from the time dependence of the Eu-
clidean four-point function

CSJJS
µ⌫ (q, tsnk, t2, t1, tsrc)

t2�t1=
X

xsnk,xsrc

D
O

S
Bs

(xsnk) J̃†
µ (q, t2) J̃⌫ (q, t1) O

S†
Bs

(xsrc)
E

, (2.20)

where O
S
Bs

is an interpolating operator with quantum numbers of the Bs meson and the
currents are projected onto three-momentum by a discrete Fourier transform J̃⌫(q, t) =P

x e�iq·xJ⌫(x, t). In this setup the Bs meson is created with zero momentum at source
position xsrc and annihilated at sink position xsnk. In Fig. 2 we show the corresponding
quark-flow diagram: the black line, Gb(xsrc, x1), is a propagator for the b quark from x1 to
xsrc whereas the green one, ⌃cbs(x1, xsrc), is a sequential propagator that propagates the s

quark from xsrc to xsnk, the b quark from xsnk to x2 and the c quark from x2 to x1.
The matrix element in Eq. (2.19) can be extracted in the window tsnk � t2 � 0,

t1 � tsrc � 0 and t2 > t1, where excited states of the Bs meson have decayed sufficiently.
By increasing the overlap of the operator O

S
Bs

with the ground-state Bs state the size of
this window can be enlarged. This can be achieved by means of operator smearing, to be
detailed later. We use a superscript S in case of smearing and L in case of no smearing.

– 6 –

Bs Bs

Γ =
G2

F |Vcb |2

24π3 ∫
q2

0
dq2 q2X(q2)

≃ Cμν(q, t) = ∫
∞

0
dω Wμν(q, ω) e−ωt

X(q2) = ∫
ωmax

ωmin

WμνLμν →
N

∑
k=0

cμν,kCμν(q, k + 2t0)

Ill-posed inverse problem

0 1 2 3 4
a!

0

1

2

3

4

5

a2
K

(1
)

0i

Kernel approximation N = 9, q2 =4.77 GeV2

CHEB !0 = 0

CHEB !0 =0.9!min

BGexp !0 = 0

BGexp !0 =0.9!min

Lμν(q, ω) ≃ cμν,0(q) + cμν,1(q)e−ω + … + cμν,N(q)e−Nω

Smeared hadronic tensor

Barone, Hashimoto, Jüttner, Kaneko, Kellermann, JHEP 07 (2023) 145

Gambino, Hashimoto, Phys.Rev.Lett. 125 (2020) 3, 032001 
Gambino, et al, JHEP 07 (2022) 083 
Barone, Hashimoto, Jüttner, Kaneko, Kellermann, JHEP 07 (2023) 145
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HQE VS LATTICE

Gambino, Hashimoto, Mächler, Panero, Sanfilippo, 
Simula, Smecca, Tantalo, JHEP 07 (2022) 083
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ETMC twisted mass
➤ Various moments of inclusive  

➤ Ensembles generated by the JLQCD and ETMC 

➤  Unphysical light values of the  quark mass       
(2.7 GeV and 2.4 GeV)  

➤  close to its physical value.  

➤ To Do: continuum and infinite-volume limits

B → Xcℓν̄ℓ

b

mc

18M. Fael | SM@LHC 2024 | Rome | May 10th 2024



0 1 2 3 4 5 6
q2 (GeV2)

0

10

20

30

X̄
(q

2 )
(G

eV
2 )

l=0

l=1

l=2

X̄(2)
ViVi

X̄(2)
AiAi

X̄(1)
V0Vi

X̄(1)
A0Ai

X̄(0)
V0V0

X̄(0)
A0A0

X̄(0)
ViVj

X̄(0)
ViVi

X̄(0)
AiAj

X̄(0)
AiAi

INCLUSIVE DECAYS ON THE LATTICE

Barone, Hashimoto, Jüttner, Kaneko, Kellermann, JHEP 07 (2023) 145

➤ Bottom quark: relativistic heavy quark 
formalism 

➤ Valance quarks with DMF, approx. 
physical masses 

➤ RBC/UKQCD ensambles 

➤ Compatible Chebyshev and Backus-
Gilbert approach for kernel expansion 

➤ Final error on  about 5% 

➤ To Do: polynomial approximation, 
finite-volume effects, discretisation 
errors, continuum limit.

Γsl

Contributions to  with Chebyshev-
polynomial approach, , 

X(q)
N = 9 ω0 = 0.9ωmin
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 DECAYS: MODEL INDEPENDENT DESCRIPTIONB → Dπℓν̄ℓ

4

an uncertainty of 100% to its branching fraction. These
decays are simulated with final-state momenta uniformly
distributed in the available phase space or an alternative
model involving a broad resonance for the hadronic Xc

final state.

FIG. 1. The q2 spectrum for different Xc final states without
reconstruction effects.

Figure 1 shows the resulting q2 spectrum evaluated
without reconstruction effects for the different Xc final
states and Table I summarizes the semileptonic branch-
ing fractions. At high q2 contributions from B ! D⇤ ` ⌫`
dominate, whereas at low q2 B ! D⇤⇤` ⌫` and non-
resonant Xc (B ! D(⇤) ⇡ ⇡ ` ⌫` and gap processes) have
sizeable contributions.

TABLE I. Branching fractions used in the simulation of B !
Xc ` ⌫̄`.

Decay B(B+) B(B0)

B ! D ` ⌫` (2.4± 0.1)⇥ 10�2 (2.2± 0.1)⇥ 10�2

B ! D⇤ ` ⌫` (5.5± 0.1)⇥ 10�2 (5.1± 0.1)⇥ 10�2

B ! D1 ` ⌫` (6.6± 1.1)⇥ 10�3 (6.2± 1.0)⇥ 10�3

B ! D⇤
2 ` ⌫` (2.9± 0.3)⇥ 10�3 (2.7± 0.3)⇥ 10�3

B ! D⇤
0 ` ⌫` (4.2± 0.8)⇥ 10�3 (3.9± 0.7)⇥ 10�3

B ! D0
1 ` ⌫` (4.2± 0.9)⇥ 10�3 (3.9± 0.8)⇥ 10�3

B ! D⇡⇡ ` ⌫` (0.6± 0.9)⇥ 10�3 (0.6± 0.9)⇥ 10�3

B ! D⇤⇡⇡ ` ⌫` (2.2± 1.0)⇥ 10�3 (2.0± 1.0)⇥ 10�3

B ! D⌘ ` ⌫` (4.0± 4.0)⇥ 10�3 (4.0± 4.0)⇥ 10�3

B ! D⇤⌘ ` ⌫` (4.0± 4.0)⇥ 10�3 (4.0± 4.0)⇥ 10�3

B ! Xc ` ⌫̄` (10.8± 0.4)⇥ 10�2 (10.1± 0.4)⇥ 10�2

III. INCLUSIVE RECONSTRUCTION OF

B ! Xc ` ⌫̄` DECAYS AND EVENT SELECTION

A. Tag-side Reconstruction

We reconstruct ⌥(4S) ! BB̄ events with the Full
Event Interpretation (FEI) algorithm [43]. The algo-
rithm reconstructs one of the B mesons of the BB̄ pair
in fully hadronic decays. In the following, the tag-side
B candidate reconstructed by the FEI is denoted as
Btag. The FEI uses a hierarchical bottom-up approach
starting with the selection of charged and neutral final-
state particles (e�, µ�, ⇡�, K�, p, �) from tracks, and
ECL clusters, combining them into intermediate parti-
cles (J/ ,⇡0,K0

S , D,Ds, D
⇤, D⇤

s ,⇤,⇤c,⌃
+), and finally

forming Btag candidates. At each stage, the FEI uses an
optimized implementation of gradient-boosted decision
trees [44] to estimate the signal probability PFEI of each
candidate in a distinct decay chain to be correctly recon-
structed. For each candidate, the decision trees combines
the signal probability of previous stages with additional
kinematic and vertex-fit information. More than 100 de-
cay channels are reconstructed resulting in O(10, 000) de-
cay chains.

We select events that have at least three charged parti-
cles and three ECL clusters to suppress Btag candidates
from continuum processes. The total visible energy of
the event in the CM frame must be greater than 4GeV
and the total energy in the ECL is required to be between
2 and 7GeV. To reduce continuum background, events
must have R2 < 0.4, with R2 the ratio of the second and
zeroth Fox-Wolfram moments [45]. We suppress contin-
uum events by requiring cos(✓T) < 0.7, where ✓T is the
angle between the thrust axis of the decay products of
the Btag and the thrust axis of the rest of the event [46].
Btag candidates are selected by requiring PFEI > 0.01.
The reconstruction efficiency with this requirement is ap-
proximatively 0.26% and 0.35% for neutral and charged
Btag candidates, respectively. More details on the FEI
performance with Belle II data can be found in Ref. [47].

We require Btag candidates to have beam-constrained
mass values satisfying

Mbc =

r
s

4
�

���p⇤
Btag

���
2
> 5.27GeV/c2, (6)

where p⇤
Btag

is the three-momentum of the Btag candi-
date. The energy difference

�E = E⇤
Btag

�

p
s

2
(7)

must be within [�0.15, 0.1]GeV, where E⇤
Btag

is the en-
ergy of the Btag. All tracks and ECL clusters not used in
the reconstruction of Btag candidate are used to define
and reconstruct the signal side. At this stage we allow
for multiple Btag candidates in each event.

Semileptonic gap

Belle, Phys. Rev. D 104, 112011 
Belle II, Phys. Rev. D 107, 072002 (2023)

➤ Model-independent description based on unitarity and analyticity  

➤ Generalisation of the BGL formalism for  to multi-hadron states 

➤ Fit of the measured -spectrum.  Coupled S-wave ,  and  channels  

➤  Prediction: 

B → D(*)ℓν̄ℓ

MDπ Dπ Dη DsK

Br(B → Dηℓν̄ℓ) = (1.9 ± 1.7) × 10−5
Belle,  Phys. Rev. D 107, 092003 (2023) 

100% uncertainty on the “gap”

Gustafson, Herren, Van de Water, van Tonder, Wagman, hep-ph/2311.00864
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➤ Discard CLN and provide data in a 
parametrisation independent way. 

➤ BGL is the appropriate framework for FFs fits. 

➤ Truncation and the related uncertainties 
require careful consideration. 

➤ Dispersive method approach 

➤ Lattice form factors at non-zero recoils

EXCLUSIVE  FROM |Vcb | B → D*ℓν̄ℓ

dΓ
dw

=
G2

Fm5
B

48π3
|Vcb |2 |ηEW |2 (w2 − 1)1/2P(w) |ℱ(w) |2

F(z) =
1

PF(z)ϕF(z)

∞

∑
n=0

anzn with ∑ |an |2 = 1
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Boyd, Grinstein, Lebed, Phys. Rev. Lett.74, 4603 (1995)

Grinstein, Kobach, Phys. Lett.B771, 359 (2017); Bordone,  Jung, van Dyk (2019), Eur.Phys.J.C 80 (2020) 2, 74;  
Bernlochneret al., Phys. Rev.D95, 11, 115008 (2017); Gambino, Jung, Schacht, Phys. Lett.B795, 386 (2019);  
Bernlochner, Z. Ligeti and D. J. Robinson, Phys. Rev.D100, 1, 013005 (2019)

Di Carlo et al., Phys. Rev. D104, 5, 054502 (2021); Martinelli, Simula, Vittorio, Phys.Rev.D 104 (2021) 9, 094512



EXCLUSIVE  FROM |Vcb | B → D*ℓν̄ℓ

plot by A. Vaquero

|Vcb | = 38.17 (85) × 10−3 FNAL/MILC
|Vcb | = 39.19 (90) × 10−3 JLQCD
|Vcb | = 39.83 (87) × 10−3 HPQCD
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➤ Bin-per-bin exclusive  extraction 
(Dispersive Method & BGL)  

➤ Differential distributions from

|Vcb |

Belle, Phys. Rev. D 108 (2023) 012002, Belle II, Phys. Rev. D 108 (2023) 092013, Belle, Phys. Rev. D 100 (2019) 052007

JLQCD

FNAL/MILC

Martinelli, Simula, Vittorio, Eur.Phys.J. C 84 (2024) 4, 400

I do not show  and  x = cos θv x = χ

22M. Fael | SM@LHC 2024 | Rome | May 10th 2024

Semileptonic B decays on the lattice: HPQCD

|Vcb|HPQCD = 39.31(74) ⇥ 10�3

|Vcb|JLQCD = 39.19(90) ⇥ 10�3

|Vcb|FerMILC = 38.17(85) ⇥ 10�3

R(D⇤)HPQCD = 0.279(13)

R(D⇤)JLQCD = 0.252(22)

R(D⇤)FerMILC = 0.265(13)

Fit to Belle dataset WITH the Coulomb factor

Alejandro Vaquero (Universidad de Zaragoza) B ! D⇤`⌫ from LQCD October 30th, 2023 19 / 31



CONCLUSIONS AND OUTLOOK
➤ Inclusive  extraction from  moments is robust and gives consistent results with older 

data on . Recent N3LO calculations leads to 1.2% uncertainty on . 

➤ What’s next: Measure all kin. moments as a function of  and  in a single analysis:                               
capture full experimental correlations (also w/ and w/o FSR QED effects). 

➤ New measurements of  are also necessary! 

➤ LHCb can enter the inclusive business with  moments in . 

➤ First calculations of inclusive decays on the lattice but not mature yet.                                    
Validate, complement and improve the HQE. 

➤  FFs at non-zero recoil from three lattice group.  

➤ New data published on differential distributions of .  

➤ JLQCD seems to give a more consistent picture but the situation is still puzzling. 

|Vcb | q2

⟨E2
l ⟩, ⟨M2n

X ⟩ |Vcb |

q2
cut Ecut

Br(B → Xℓν̄ℓ)

MX Bs → Xcsℓν̄ℓ

B → D*

B → D*ℓν̄ℓ
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