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Observational consequences:

  Production of electromagnetic field  decay into inflaton perturbations→
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𝒫ζ(k) ≃ 𝒫vac + 𝒫2
vac f2(ξ)e4πξ

vacuum sourced
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Axion inflation
[M. Anber, L. Sorbo 0908.4089] 

[N. Barnaby, M. Peloso 1011.1500] 

More precisely:

∂2
τϕ̄ + 2ℋ∂τϕ̄ + a2V′ (ϕ̄) = a2 a

f
⟨FμνF̃μν⟩

If these terms become comparable backreaction

Sort of extra friction, but 
not so simple (as we will 
see)
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• Numerical tool to study non-perturbative cosmological phenomena.
• Examples: reheating phase after inflation, cosmological phase transitions.

My goal:
Develop lattice techniques for inflation

[M. A. Amin, R. Easther, H. 
Finkel, arXiv:1009.2505]  

[A. V. Frolov, 
arXiv:1004.3559]  

[M. A. Amin, J. 
Fan, K. D. Lozanov, 
M. Reece, 
arXiv:1802.00444]  

[J. Dufaux, D.G. 
Figueroa, J. 
Garcia-Bellido, 
arXiv:1006.0217]  

Lattice simulations

AC, E. Komatsu, K. D. Lozanov, J. Weller  2102.06378
2110.10695  
2204.12874  

AC  2209.13616

AC, D. Jamieson, E. Komatsu [in preparation]

arXiv

AC, S.Renaux-Petel, K. Inomata  2403.12811

https://arxiv.org/abs/1004.3559


Put the continuous inflationary universe on a discrete cubic lattice:

ϕi(t)ϕ( ⃗x, t)

ϕ( ⃗x, t) = ϕ̄(t) + δϕ( ⃗x, t)

& perturbation 
theory on δϕ

Non-linear evolution of   ϕi

∂ℒ
∂ϕi

=
d
dt ( ∂ℒ

∂ ·ϕi )
Numerically solve the classical eqs:

Lattice simulations



Start with quantum fluctuations on sub-horizon box:

(aH)−1

Lattice approach
[AC  2209.13616]  



Lattice approach: initial conditions
[AC  2209.13616]  

̂ϕ( ⃗n) = ∑⃗
m

[ ̂a ⃗m u( ⃗κ ⃗m ) ei 2π
N ⃗n⋅ ⃗m + ̂a†

⃗m
 u†( ⃗κ ⃗m ) e−i 2π

N ⃗n⋅ ⃗m]

⃗n = lattice site, ni, mi ∈ 1,...,N .

u( ⃗κ) =
L3/2

a 2ω ⃗κ
e−iω ⃗κτ, ω2

⃗κ = k2
eff( ⃗κ) + m2

⃗κ ⃗m =
2π
L

⃗m

[AC+  2102.06378]  

(discrete dispersion relation)

Discrete Bunch-Davies spectrum: 

Stochastic approximation:

̂a ⃗m = ei2π ̂Y ⃗m −ln(X̂ ⃗m )/2,

∙

∙

∙

 uniform randoms between 0 and 1X̂ ⃗m , ̂Y ⃗m
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Lattice approach: evolution
[AC  2209.13616]  

Solve numerically for all lattice points:

d2a
dτ2

=
1
6 (⟨ρ⟩ − 3⟨p⟩) a3+ Friedmann equation for scale factor

ϕ′ ′ ( ⃗n) + 2Hϕ′ ( ⃗n) − ∇2ϕ( ⃗n) + a2 ∂V
∂ϕ

( ⃗n) = 0



Solve numerically for all lattice points:

d2a
dτ2

=
1
6 (⟨ρ⟩ − 3⟨p⟩) a3+ Friedmann equation for scale factor

Lattice approach: evolution
[AC  2209.13616]  

∙

∙

     (gauge freedom)δgij ≡ 0

0, known as  “decoupling limit” of gravity δg0μ ∝ ϵ =
·H

H2
=

1
2

·ϕ2

M2
PlH2

→ MPl → ∞

ds2 = a2(−dτ2 + d ⃗x2)Assuming unperturbed metric  because:

P. Creminelli et al. [2401.10212]
S. R. Behbahani et al. [1111.3373]
C. Cheung et al.  [0709.0293]

See e.g.

ϕ′ ′ ( ⃗n) + 2Hϕ′ ( ⃗n) − ∇2ϕ( ⃗n) + a2 ∂V
∂ϕ

( ⃗n) = 0



\

(aH)−1

“sub-horizon” box
“super-horizon” box

(frozen)

evolution

af /ai = 103

δϕ
σ

(aH)−1

δϕ
σ

Lattice simulations of inflation
[AC  2209.13616]  



Lattice simulations of inflation
[AC+  2403.12811]  

For single-field simulations, see:



Using the “PDE” approach for the Gauge field.

+ Friedmann equation for scale 

factor 
d2a
dτ2

=
1
6 (⟨ρ⟩ − 3⟨p⟩) a3

Lattice simulation: axion-U(1)
[AC  2209.13616]  

A′ ′ 0 − ∂j∂jA0 =
α
f

ϵijk∂kϕ∂iAj,

ϕ′ ′ + 2Hϕ′ − ∂j∂jϕ + a2 ∂V
∂ϕ

= − a2 α
4f

FμνF̃μν,

A′ ′ i − ∂j∂jAi =
α
f

ϵijkϕ′ ∂jAk −
α
f

ϵijk∂jϕ(A′ k − ∂kA0)

Note that  is not automatically satisfied, needs to be checked!∂μAμ = 0

In the Lorenz Gauge :∂μAμ = 0

This approach was used in preheating sims, e.g. P. Adshead et al.  [1909.12843]
P. Adshead et al.  [1909.12842]



In 2102.06378 and 2110.10695, we studied the consequences of discretization

Lattice simulation: axion-U(1)
AC+  2102.06378  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In 2102.06378 and 2110.10695, we studied the consequences of discretization



Lattice simulation: axion-U(1)
AC+  2102.06378  

AC+  2110.10695  

Trick: identify kphysical = ω(klattice)

kphysical /(aH )klattice /(aH )

In 2102.06378 and 2110.10695, we studied the consequences of discretization



Lattice simulation: loop effects

Off-topic: this is what allowed precise comparison with perturbation theory at 1-loop

[AC+  2403.12811]  



For tachyonic enhancement of gauge fields, discretization is more important

Lattice simulation: axion-U(1)
AC+  2102.06378  

AC+  2110.10695  

Continuous space: Lattice:

ksd ≠ klapl



For tachyonic enhancement of gauge fields, discretization is more important

Lattice simulation: axion-U(1)
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For a second-order scheme: 
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For tachyonic enhancement of gauge fields, discretization is more important

Lattice simulation: axion-U(1)
AC+  2102.06378  

AC+  2110.10695  

Solution: find a scheme with , for example 4th order ksd ≃ klapl



We also studied the vacuum contribution to gauge field energy-density

Lattice simulation: axion-U(1)
AC+  2102.06378  

AC+  2110.10695  

ρ(a)
GF =

1
4π2a2 ∫

2ξ

(8ξ)−1
[ |A′ − |2 + k2 |A− |2 ] =

6!
219π2

H4

ξ3
eeπξ

Analytical prediction with cut-off regularisation:



\
W

Results of the simulation:

1. Large scales:


2. Small scales:

small ξ =
α ·ϕ
2fH

large ξ =
α ·ϕ
2fH

AC+ 2204.12874  

perturbative regime

non-perturbative regime

(no backreaction)

(with backreaction)



Lattice

Analytical result
Power spectrum:

bispectrum:

Simulation confirms analytical results (very nontrivial)

Equilateral

Perturbative regime (no backreaction) AC+ 2204.12874  AC+ 2204.12874  



Thanks to the lattice, we know ! ζ(x, t)

Perturbative regime (no backreaction) AC+ 2204.12874  

The first computation of nonlinear ! ζ(x, t)

Beyond simplifying assumptions 
ζ ≃ ζG + fNLK[ζG, ζG]

Gaussian ( )ζG

ζ/σ
ζ/σ

Non-Gaussian ( )ζNG
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The first computation of nonlinear ! ζ(x, t) Beyond simplifying assumptions 
ζ ≃ ζG + fNLK[ζG, ζG]

Gaussian ( )ζG

ζ/σ
ζ/σ

Non-Gaussian ( )ζNG

ζ/σ
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W
κn =

⟨ζn⟩c

σn

Define cumulants:

 “skewness”,  “kurtosis”, etc.κ3 κ4

ζ/σ

Perturbative regime (no backreaction) AC+ 2204.12874  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Define cumulants:

 “skewness”,  “kurtosis”, etc.κ3 κ4

κn =
⟨ζn⟩c

σn

ζ/σ

BispectrumTrispectrumHigher order 
polyspectra

. . . > κ6 > κ5 > κ4 > κ3

Perturbative regime (no backreaction) AC+ 2204.12874  



Define cumulants:

 “skewness”,  “kurtosis”, etc.κ3 κ4

κn =
⟨ζn⟩c

σn

ζ/σ

. . . > κ6 > κ5 > κ4 > κ3

ζ ≠ ζG + fNLK[ζG, ζG]

Perturbative regime (no backreaction) AC+ 2204.12874  



\
W

Study transition linear  nonlinear⟶

Linear Linear-nonlinear 
transition

e-folds number (time)

(no backreaction) (strong backreaction)

ξ =
α ·ϕ
2fH

Backreaction AC+ 2204.12874  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[V. Domcke, V. Guidetti, Y. 
Welling, A. Westphal 
arXiv:2002.02952] 

[E.V. Gorbar, K. Schmitz, O. O. 
Sobol, S. I. Vilchinskii 
arXiv:2109.01651] 

Figure from 2002.02952

Backreaction AC+ 2204.12874  

The first lattice confirmation of what is 
found in:



Backreaction AC+ 2204.12874  



Non-Gaussianity is 
suppressed in the 
nonlinear regime!

δϕ/σ

Backreaction: scalar statistics AC+ 2204.12874  



This invalidates PBH bounds, allowing for a sizeable GW signal at PTA

Non-Gaussianity is 
suppressed in the 
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This invalidates PBH bounds, allowing for a sizeable GW signal at PTA

See 

Non-Gaussianity is 
suppressed in the 
nonlinear regime!

δϕ/σ

Backreaction: scalar statistics AC+ 2204.12874  



𝒫ζ(k) ≃ 𝒫vac + 𝒫2
vac f2(ξ)e4πξ∙

∙

How does this compare with known results?

f (equil.)
NL (ξ) ≃

f3(ξ)𝒫3
vace6πξ

𝒫2
ζ

Power spectrum:
𝒫vac ≃

H4

(2π ·ϕ)2

ξ =
α ·ϕ
2fH

ξ ≫ 1 0

∼ e8πξ

Backreaction: scalar statistics AC+ 2204.12874  



𝒫vac ≃
H4

(2π ·ϕ)2
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α ·ϕ
2fH

⟨ζ(k1)ζ(k2)ζ(k3)⟩ ∼ f3(ξ)𝒫3
vace6πξ

𝒫ζ(k) ≃ 𝒫vac + 𝒫2
vac f2(ξ)e4πξ

⟨ζ(k1)ζ(k2)ζ(k3) ≫ 1
ξ ≫ 1

Backreaction: scalar statistics AC+ 2204.12874  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𝒫vac ≃
H4

(2π ·ϕ)2
ξ =

α ·ϕ
2fH

⟨ζ(k1)ζ(k2)ζ(k3)⟩ ∼ f3(ξ)𝒫3
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𝒫ζ(k) ≃ 𝒫vac + 𝒫2
vac f2(ξ)e4πξ

⟨ζ(k1)ζ(k2)ζ(k3)⟩

(⟨ζ(k1)ζ(k2)⟩)3/2

More carefully (still schematically):

ξ ≫ 1 ∼
f3(ξ)

f 3/2
2 (ξ)

κ3 ∼

Backreaction: scalar statistics AC+ 2204.12874  



What is the physical interpretation? Central limit theorem!

Look at the source term:

(FμνF̃μν)(k) = ∑
k′ 

Fμν(k′ ) F̃μν(k − k′ ) .

Backreaction: scalar statistics AC+ 2204.12874  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Fμν(k′ ) F̃μν(k − k′ ) .
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What is the physical interpretation? Central limit theorem!

Look at the source term:

(FμνF̃μν)(k) = ∑
k′ 

Fμν(k′ ) F̃μν(k − k′ ) .

1
8ξ

<
k′ 

aH
< 2ξ

Analogous to fermion production:
[P. Adshead, L. Pearce, M. Peloso, 
M. A. Roberts, L. Sorbo 
arXiv:1803.04501] 

Many terms for large ξ

Backreaction: scalar statistics AC+ 2204.12874  



Summary

  First lattice simulation of an axion-gauge system during inflation∙

  Understanding non-Gaussinity beyond ∙ fNL

Results:

  First step towards fully nonlinear understanding of backreaction   ∙
in axion inflation

ζ/σ

δϕ/σ

. . . > κ6 > κ5 > κ4 > κ3


