
DANIEL G. FIGUEROA 
IFIC, Valencia, Spain

The Numerical 
 Early Universe

Non-Linear

"All" about Magnetic Fields, Bernoulli Center, EPFL, Lausanne, Switzerland



DANIEL G. FIGUEROA 
IFIC, Valencia, Spain

The Numerical 
 Early Universe

"All" about Magnetic Fields, Bernoulli Center, EPFL, Lausanne, Switzerland



DANIEL G. FIGUEROA 
IFIC, Valencia, Spain

Lattice Techniques  
in Cosmology

"All" about Magnetic Fields, Bernoulli Center, EPFL, Lausanne, Switzerland



DANIEL G. FIGUEROA 
IFIC, Valencia, Spain

LATTICE  
COSMOLOGY

"All" about Magnetic Fields, Bernoulli Center, EPFL, Lausanne, Switzerland



LATTICE  
COSMOLOGY

The Art of Simulating 
the Early Universe

"All" about Magnetic Fields, Bernoulli Center, EPFL, Lausanne, Switzerland



LATTICE  
COSMOLOGY

The Art of Simulating 
the Early Universe

(When do we need  
to simulate it ?)



LATTICE  
COSMOLOGY

The Art of Simulating 
the Early Universe

When things get complicated:  
non-linear, strong coupling,  

non-perturbative, etc



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

(�t . 1s)



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

(�t . 1s)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

V (�)



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

(�t . 1s)

BBN



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions

BBN

(e.g. Ultra Slow-Roll)



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions

Common
Factor ?

(e.g. Ultra Slow-Roll)



The Early Universe

INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

Quantum
Fluctuations

Particle
Production

Cosmic
Defects

Phase
Transitions

Non-linear
field 

dynamics

(e.g. Ultra Slow-Roll)



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis Non-linear

field 
dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
field 

dynamics



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
  Numerical 
simulations

≡



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Non-linear
 Lattice   

simulations
≡



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 10-25 yrs



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

(Scalar) Field 

Theory Codes 

~ 10-25 yrs



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 10-25 yrs

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 5-10 yrs

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

Gen. Rel.  
(GR) Codes

~ 5-10 yrs

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 5-10 yrs

+ PENCIL, …

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 5-10 yrs

+ PENCIL, …

MHD Codes 
(Fluid Dynamics)

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

Latticeeasy / Clustereasy, Defrost,
CUDAEasy,  HLattice,  PyCOOL,  

GABE, PSpectRe, Stella, GFiRe, … 
+ GRChombo, GABERel, …

~ 10-25 yrs

+ PENCIL, …

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

~ 10-25 yrs

Lattice
Cosmology

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

CosmoLattice

~ 3 yrs

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

CosmoLattice
+ CosmoLattice-MHD

+ CosmoLattice-GR

~ 3 yrs
[+ upcoming]

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



The Early Universe

Particle
Production

Phase
Transitions

Cosmic
Defects

Curvature
Fluctuations

Gravitational 
waves

Baryo-
genesis

Magneto-
genesis

Black Hole
Formation

CosmoLattice

~ 3 yrs

Non-minimal
Gravitational 

Coupling

Non-minimal
Kinetic 

Theories

Turbulence
Thermalisation

….



CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

➤ Written in C++, with modular structure separating                         
physics (CosmoInterface library) and technical details (TempLat library).

➤ Parallellized in multiple spatial dimensions (but you write in serial)

➤ Simulates scalar and gauge field dynamics [including U(1) & SU(2) interactions]

➤ Family of evolution algorithms, accuracy ranging from δ𝒪(δt2) δ𝒪(δt10)—

(+100 pages)

(+100 pages)

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

➤ Written in C++, with modular structure separating                         
physics (CosmoInterface library) and technical details (TempLat library).

➤ Parallellized in multiple spatial dimensions (but you write in serial)

➤ Simulates scalar-gauge field dynamics [w. self-consistent expanding background]

➤ Family of evolution algorithms, accuracy ranging from δ𝒪(δt2) δ𝒪(δt10)—

[ U(1) x SU(2) ]

Links & plaquettes  
(~ lattice-QCD)

Aμ

Uμν

https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2102.01031


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

➤ Written in C++, with modular structure separating                         
physics (CosmoInterface library) and technical details (TempLat library).

➤ Parallellized in multiple spatial dimensions (but you write in serial)

➤ Simulates scalar-gauge field dynamics [w. self-consistent expanding background]

➤ Family of evolution algorithms, accuracy ranging from δ𝒪(δt2) δ𝒪(δt10)—

https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2102.01031


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

➤ Written in C++, with modular structure separating                         
physics (CosmoInterface library) and technical details (TempLat library).

➤ Parallellized in multiple spatial dimensions (but you write in serial !)

➤ Simulates scalar-gauge field dynamics [w. self-consistent expanding background]

➤ Family of evolution algorithms, accuracy ranging from δ𝒪(δt2) δ𝒪(δt10)—

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

➤ Written in C++, with modular structure separating                         
physics (CosmoInterface library) and technical details (TempLat library).

➤ Parallellized in multiple spatial dimensions (but you write in serial !)

➤ Simulates scalar-gauge field dynamics [w. self-consistent expanding background]

➤ Family of evolution algorithms, accuracy ranging from δ𝒪(δt2) δ𝒪(δt10)—

[ LeapFrog, Verlet, Runge-Kutta, Yoshida, … ]

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

http://www.cosmolattice.net/

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122
http://www.cosmolattice.net/


CosmoLattice
Figueroa, Florio, Torrenti, Valkenburg

Code Manual: arXiv: 2102.01031
Lattice Theory: arXiv: 2006.15122

http://www.cosmolattice.net/

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2006.15122
http://www.cosmolattice.net/


S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}

➤ Matter content:

Default Field ContentCosmoLattice —



S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}

➤ Matter content:

ϕ ∈ ℛe

Scalar 
sector

DA
μ ≡ ∂μ − iQ(φ)

A g
A
Aμ

φ ≡
1

2
(φ0 + iφ1)

Fμν ≡ ∂μAν − ∂νAμ

U(1) gauge sector

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Dμ ≡ ℐDA

μ − igBQBBa
μ Ta

Φ =
1

2 (φ0 + iφ1
φ2 + iφ3)

SU(2) gauge sector

Gμν ≡ ∂μBν − ∂νBμ − i[Bμ, Bν]

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Scalar 

potential

Default Field ContentCosmoLattice —



S = − ∫ d4x −g { 1
2

∂μϕ∂μϕ + (DA
μ φ)*(Dμ

Aφ) +
1
4

FμνFμν + (DμΦ)†(DμΦ) +
1
2

Tr{GμνGμν} + V(ϕ, |φ | , |Φ | )}

➤ Matter content:

ϕ ∈ ℛe

Scalar 
sector

DA
μ ≡ ∂μ − iQ(φ)

A g
A
Aμ

φ ≡
1

2
(φ0 + iφ1)

Fμν ≡ ∂μAν − ∂νAμ

U(1) gauge sector

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Dμ ≡ ℐDA

μ − igBQBBa
μ Ta

Φ =
1

2 (φ0 + iφ1
φ2 + iφ3)

SU(2) gauge sector

Gμν ≡ ∂μBν − ∂νBμ − i[Bμ, Bν]

<latexit sha1_base64="RQBSJHlrXSJGOd3CCcW+KxZBqs0=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3QEPJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJq/KP0A==</latexit> {
Scalar 

potential

ds2 = − dt2 + a2(t) δij dxidxj
➤ Self-consistent expansion (Friedmann equations)
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Dμ ≡ ℐDA

μ − igBQBBa
μ Ta

Φ =
1

2 (φ0 + iφ1
φ2 + iφ3)

SU(2) gauge sector

Gμν ≡ ∂μBν − ∂νBμ − i[Bμ, Bν]
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Scalar 

potential

ds2 = − dt2 + a2(t) δij dxidxj
➤ Self-consistent expansion (Friedmann equations)

➤ Fixed power-law background

➤ Background Metric: {
a(t) ∼ t

2
3(1 + w)
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➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′ ≡ πϕaα−3

(πϕ)′ = − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′ a3−α KICK:

DRIFT:

➤ Scalar fld example

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ

Equations of MotionCosmoLattice —



➤ Hamiltonian scheme: coupled first-order differential equations

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ ϕ′ ≡ πϕaα−3

(πϕ)′ = − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′ a3−α KICK:

DRIFT:

➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

L

Aμ

Uμν

(lattice spacing)
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➤ Hamiltonian scheme: coupled first-order differential equations

ϕ′ ≡ πϕaα−3

(πϕ)′ = − a3+α ∂V
∂ϕ

+ a1+α ∇2ϕπϕ ≡ ϕ′ a3−α KICK:

DRIFT:

➤ Scalar fld example

➤ Gauge fields introduced via links and plaquettes (like in lattice-QCD)

δx{➤ Scalar Fields and momenta are defined in the lattice sites

N : number of points/dimension

L = N ⋅ δx : length side

Minimum and maximum momenta:

kmin =
2π
L

kmax =
3

2
Nkminδt : time step

Aμ

Uμν

(lattice spacing)
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{L

d2ϕ
dt2

−
1
a2

∇ 2ϕ +
3
a

da
dt

dϕ
dt

= −
∂V
∂ϕ
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➤ Algorithms use second Friedmann equation to evolve the scale factor.

➤ The first Friedmann equation is used to check the accuracy of the simulation.
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CosmoLattice
http://www.cosmolattice.net/Theory Review

arXiv: 2006.15122 
Code Manual

arXiv: 2102.01031

In summary …

http://www.cosmolattice.net/
https://arxiv.org/abs/2006.15122
https://arxiv.org/abs/2102.01031


CosmoLattice
http://www.cosmolattice.net/

* Init Conditions 
* Eqs. of Motion 

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

Field Objects 
Field Algebra
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CosmoLattice
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* Init Conditions 
* Eqs. of Motion 

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

δx{ (lattice spacing)
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CosmoLattice
* Choose Lattice: dt, N, dx 
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* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
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Field Th. Problem

                Algorithms 

- Staggered LeapFrog (LF) 
- Position-Verlet (PV2) 
- Velocity-Verlet (VV2) 
- Runge-Kutta (RK2, RK3, RK4) 
- Yoshida (VV4, VV6, VV8, VV10)
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* Eqs. of Motion 

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

𝒪(δtn)

Code Manual
arXiv: 2102.01031

Theory Review
arXiv: 2006.15122 

Field Th. Problem

λ1 , λ2 , . . . , g2
1 , g2

2 , . . .

m2
ϕ , m2

ψ , . . . , v2, Φ*, . . .

➤ Parameters via input file
(no need to re-compile !)
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Magneto Hydro-dynamics (MHD)

DνTμν = ∂νTμν + Γμ
σνTσν + Γν

νσTμσ =
1
−g

∂ν( −g Tμν) = 0,

Work in progress … key to GWs from PhT’s  !

Tμν = (p + ρ)UμUν − pgμν

(w/ K. Marschall, A. Midiri,  
and A. Roper Pol)



* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic string networks 
* Non-minimal Grav. coupling

New  
Physics



Axion-gauge interactions
𝒮ax = − ∫ dx4 −g{ 1

2
∂μϕ∂μϕ + V(ϕ) +

1
4

FμνFμν+
αΛ

4
ϕ
mp

FμνF̃μν}

Used in Phys. Rev. Lett. 131 (2023) 15, 151003  

(Topic I) 

⃗E ⋅ ⃗B ,
·ϕ ⃗B + ⃗∇ ϕ ⋅ ⃗E

ρEM

ρEM

⃗∇ ϕ ⋅ ⃗B ,



* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic defect networks 
* Non-minimal Grav. coupling 

New  
Physics



Particle & GW Emission

Cosmic Defect Networks

_

(GW emission)(Loops isolated)(Networks)

Used in arXiv:2308.08456 ; Phys. Rev. Lett. (submitted) 

(Topic II) 



* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
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Non-minimal Grav. coupling

𝒮NMC = − ∫ d4x −g ( 1
2

ξRϕ2+
1
2

gμν∂μϕ∂νϕ + V(ϕ, {φm}))

(w/ B. Stefanek, T. Opferkuch, and A. Florio)



* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic string networks 
* Non-minimal Grav. coupling

To be released in 2024/25 !
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To be released in 202X?
* Grav. Pert. Th / Full GR

New  
Physics

* Magneto Hydro-dynamics (MHD) 
* Axion-gauge interactions 
* Cosmic string networks 
* Non-minimal Grav. coupling

(w/ N. Loayza & R. Flauger)



Applications 
1) Non-linear inflation dynamics (e.g Axion-inflation) 
2) GW from non-linear dynamics (e.g Preheating) 
3) Preheating & Equation of State after inflation 
4) Cosmic string networks (axions, AH, …) 
5) Single string loop dynamics 
6) Non-minimal gravitational Interactions 
7) Phase transitions 
…. 

X) Your project !
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Applications 
1) Non-linear inflation dynamics (e.g Axion-inflation) 
2) Single string loop dynamics 
3) Non-minimal gravitational Interactions 
4) Cosmic string networks (axions, AH, …) 
5) Single string loop dynamics 
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X) Your project !

Applications
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I)
II)
III)

(If time permits)
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(Non-Linear)  
Field Dynamics of  

Axion Inflation

Example I

_



(e-Print: 2303.17436 [astro-ph.CO])

https://arxiv.org/abs/2308.08456


First exact  calculation of  

non-linear dynamics of axion 

inflation (till the end of inflation)

(  Inhomogeneity & full dynamical range) 

*

*

(e-Print: 2303.17436 [astro-ph.CO])

https://arxiv.org/abs/2308.08456


First exact  calculation of  

non-linear dynamics of axion 

inflation (till the end of inflation)

(  Inhomogeneity & full dynamical range) 

*

*

(e-Print: 2303.17436 [astro-ph.CO])

+ Nico Loayza

https://arxiv.org/abs/2308.08456
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We focus on a specific scenario, with a natural class of models of inflation

and with a mechanism of production / exp
�
�̇

�

GW signal naturally grows at interferometer scales, while small at CMB

scales

• CMB in agreement with simplest models of slow-roll cosmic inflation
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• Flatness and gaussianity ! small self-couplings

Axion (Natural) Inflation

• Shift symmetry on couplings to other fields

Freese, Frieman, Olinto ’90; . . .

(review Pajer, MP ’13)
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has the advantage that

• Smallness of Vshift technically natural. �V / Vshift

• Constrained couplings to matter (predictivity)
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DGF, Shaposhnikov 2017
Canivete, DGF 2018

1. Lattice Gauge Inv:
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3. Lattice Bianchi Identities: 
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μ α
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(CS current)(FμνF̃μν)L = Δ+
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PROBLEM: PNG, GW and PBH

Let's "latticize" the system of EOM !

DGF, Shaposhnikov 2017
Canivete, DGF 2018

( (

We show now our recent work 
Phys.Rev.Lett. 131 (2023) 15, 151003  

e-Print: 2303.17436 [astro-ph.CO]

Approximations (e.g. Analytical)
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Cosmic String Loops  
(+ GW emission)

(PhD student)
with J. Baeza-Ballesteros, E. Copeland, J. Lizarraga
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Example II

_

ArXiv:2308.08456 [astro-ph] 
(Submitted to Phys. Rev. Lett.)
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Symm. Breaking Fld (‘Higgs') Different VacuaDifferent Vacua (at different locations)

Global (scalar) or Local (Scalar + Gauge fld.)

Cosmic String Formation



Reheating the Abelian-Higgs Model: SPATIAL DIST.

SNAPSHOT OF THE HIGGS (mt = 17)e.g. Global cosmic strings

DGF, PhD Thesis 2010

Cosmic String Formation
[ Cosmic Strings: Global (scalar) or Local (Scalar + Gauge fld.) ]



22

FIG. 19: Time evolution of the spatial distribution of the magnetic energy density B2 (in units of m4) along the process of
the Higgs symmetry breaking. The images have been obtained with a N = 256 lattice simulation with an IR cut-o↵ kIR = 0.1
m, and parameters g2 = 2� = 0.25, Vc = 0.024 and e = 6

p
�. From left to right, top to bottom, the snapshots correspond to

mt = 5.5, 11.0, 17.3, 19.0, 21.0 and 23.0. At early times, before the Higgs bubbles percolate, the magnetic field is still very
small and has not acquired yet the distinctive shape of topological string configurations. At times mt ⇠ 17� 19, the string-like
spatial distributions of the magnetic energy density have finally developed, following the locus of points which corresponds to
the intermediate regions between Higgs bubbles. The string-like distributions are most clearly seen at time mt = 19. Later,
due to the time evolution of the gauge field’s mass, the string segments fatten and start shedding away the magnetic field, see
the main text.

Intensity of magnetic energy density

Cosmic String Formation
[ Cosmic Strings: Global (scalar) or Local (Scalar + Gauge fld.) ]

DGF, PhD Thesis 2010
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CAUSALITY & MICROPHYSICS ! Cosmic Defects

DEFECTS: Aftermath of PhT !

8
>>>><

>>>>:

8
><

>:

Domain Walls

Cosmic Strings

Cosmic Monopoles

Non� Topological

DEFECTS: GW Source ! {Tij}TT / {@i�@j�, EiEj , BiBj}TT

CAUSALITY & MICROPHYSICS ) Corr. Length: ⇠(t) = �(t)H�1(t)

(Kibble’ 76)

SCALING:

8
<

:

�(t) = const. ! � ⇠ 1 ) k/H = kt

hTTT
ij (k, t)TTT

ij (k0
, t

0)i = (2⇡)3 V4
p
tt0

U(kt, kt0)�3(k� k0)

CAUSALITY & MICROPHYSICS ! Cosmic Defects

DEFECTS: Aftermath of PhT !

8
>>>><

>>>>:

8
><

>:

Domain Walls

Cosmic Strings

Cosmic Monopoles

Non� Topological

DEFECTS: GW Source ! {Tij}TT / {@i�@j�, EiEj , BiBj}TT

CAUSALITY & MICROPHYSICS ) Corr. Length: ⇠(t) = �(t)H�1(t)

(Kibble’ 76)

SCALING:

8
<

:

�(t) = const. ! � ⇠ 1 ) k/H = kt

hTTT
ij (k, t)TTT

ij (k0
, t

0)i = (2⇡)3 V4
p
tt0

U(kt, kt0)�3(k� k0)

�(t) = const. ! � ⇠ 1 k/H = kt

comoving momentum
conformal time

Scaling
H

�1

H
�1

H
�1

Cosmic DefectsCosmic String Networks



* Scaling dynamics 

* Infinitely thin 

* Inter-commutation

Cosmic String Networks



Infinitely thin:

Nambu-Goto

m�1

H
�1

H
�1 � m

�1

Cosmic String Networks



* Scaling dynamics 

* Infinitely thin 

* Inter-commutation

Cosmic String Networks



Intercommutation

Loops !

Cosmic String Networks

Loops !



Network = ‘infinity' + loops

Cosmic String Networks
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Loops are formed !

Cosmic String Networks

Vibrate under their tension !

Periodic
Oscillations



Loops are formed !

Gravitational 
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are emitted !
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Loops are formed !

Gravitational 
Waves (GW)
are emitted !

Cosmic String Networks

Vibrate under their tension !

Superposition from many loop signals  
= 

Gravitational Wave Background
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Cosmic String Networks

(Vilenkin ’81)
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Cosmic String Networks
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But …

First time simultaneously !



GOAL 
Dynamics of an isolated loop 

and its particle & GW emission

String Loop: Particle & GW emission
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GOAL 
Dynamics of an isolated loop 

and its particle & GW emission

String Loop: Particle & GW emission
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Today’s focus on  
… Global Strings 

[ but Local String

analysis coming ! ]



( following Vachaspati et al 2020) (following Lizarraga et al 2020/21)

Case I : Nielsen-Olesen Case II : Network

_

GOAL 
Dynamics of an isolated loop 

and its particle & GW emission

String Loop: Particle & GW emission



Case I: ‘Artificial' 
— Isolate the inner loop —

_

Boost 2 string pairs Intersect —> 2 Loops Isolate Inner Loop
Inner/Outer

GOAL 
Dynamics of an isolated loop 

and its particle & GW emission

String Loop: Particle & GW emission



Case II: Network 
— Only one loop remains eventually —

_

GOAL 
Dynamics of an isolated loop 

and its particle & GW emission

String Loop: Particle & GW emission
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String Loop: Particle & GW emission
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Zoom
~ 700

Loop Resolution

String Loop: Particle & GW emission
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Decay of a Loop

Higgs isosurface String Core

String Loop: Particle emission
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Decay Time
( Due to Particle Emission )

L̃ = λ v L
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Decay Time
( Due to Particle Emission )

L̃ = λ v L

String Loop: Particle emission

(See also Saurabh, Vachaspati, Pogosian)
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Decay Time
( Due to Particle Emission )

L̃ = λ v L

String Loop: Particle emission

Angular momentum  
Universal scaling !
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Decay Time
( Due to Particle Emission )

L̃ = λ v L

String Loop: Particle emission

Independent* of  
Resolution & Length !

[ *within the error ]
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String Loop: GW emission
k̃ = k / λ v

(Network  
Loop)

δx̃ = 0.375 ⇒ N* ∼ 45



t̃ = λ v t

_

l̃ = λ v l

String Loop: GW emission
k̃ = k / λ v

(Network  
Loop)

δx̃ = 0.250 ⇒ N* ∼ 100
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String Loop: GW emission
k̃ = k / λ v

(Network  
Loop)

δx̃ = 0.1875 ⇒ N* ∼ 180
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String Loop: GW emission
k̃ = k / λ v

(Network  
Loop)

δx̃ = 0.125 ⇒ N* ∼ 400
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String Loop: GW emission
k̃ = k / λ v

(Network  
Loop)

δx̃ = 0.09375 ⇒ N* ∼ 700
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String Loop: GW emission
k̃ = k / λ v

(UV lattice 
Artifact)

(Network  
Loop)

No GW emission 
from the core !

δx̃ = 0.09375 ⇒ N* ∼ 700
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String Loop: GW emission
k̃ = k / λ v

(Network  
Loop) cutoff core

(UV lattice 
Artifact)

No GW emission 
from the core !

δx̃ = 0.09375 ⇒ N* ∼ 700
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String Loop: GW emission
k̃ = k / λ v

(Artificial  
Loop) cutoff core

No GW emission 
from the core !

(UV lattice 
Artifact)

Same as 
Before !



t̃ = λ v t

_

l̃ = λ v l

String Loop: GW emission
k̃ = k / λ v

IR effects
(Artificial  

Loop)

L̃/L̃1/4 = 2,3,4,...,8

L̃

L̃1/4
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String Loop: GW emission
k̃ = k / λ v

IR effects Negligible !

(Except for  
small          )

(Artificial  
Loop)

(~2)
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l̃ = λ v l

String Loop: GW emission
k̃ = k / λ v

Best example
(Artificial  

Loop)



GW Power Emitted

String Loop Dynamics + GW emission

_

_

PGW(t) = L3ρφ ⟨ d
dt′ ∫

kc

0
ΩGW(k, t′ ) d log k⟩

T

Rolling 
Average( (
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String Loop Dynamics + GW emission

_

_

Independent on  
the length L !

PGW(t) = L3ρφ ⟨ d
dt′ ∫

kc

0
ΩGW(k, t′ ) d log k⟩

T

Rolling 
Average( (
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String Loop Dynamics + GW emission

_

_

(GW emission)(Loops isolated) (Decay vs Length)
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(GW emission)

Baeza-Ballesteros et al, 2023 PGW

Pϕ
≃ 𝒪(10)( v

mp
)

2
(Global Strings)

[ L /w ≃ 80 − 1700 ]

(Decay vs Length)(Loops isolated)

≪ 1

( (



GW Power Emitted

String Loop Dynamics + GW emission

_

(GW emission)

Baeza-Ballesteros et al, 2023 PGW

Pϕ
≃ 𝒪(10)( v

mp
)

2
(Global Strings)

[ L /w ≃ 80 − 1700 ]

(Decay vs Length)(Loops isolated)

≪ 1

So what happens with Local Strings ?



Results will impact on 
Real evaluation of GW emission  

Re-evaluation of PTA constraints
(Pulsar Time Array)

String Loop Dynamics + GW emission

_



Results will impact on 
Real evaluation of GW emission  

Re-evaluation of PTA constraints

Implications for 
Dark Matter Axion string network 
Local (Abelian-Higgs) string network 
Comparison with Nambu-Goto 
GUT models 
….

(Pulsar Time Array)

_

String Loop Dynamics + GW emission

Non-minimal



_

Almost …
the End



_

If you want to learn 
how to "latticesize" 
your problems …
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CosmoLattice 
2nd CL School 2023: Sept 25-29 

Come to some of our CL Schools !

https://www.youtube.com 
/@CosmoLattice/videos

https://www.youtube.com/@CosmoLattice/videos


CosmoLattice 

@Valencia:

Details for CL School 2024 TBA at:
https://cosmolattice.net    

Come to some of our CL Schools !

3rd CL School 2024: XXXXX 

https://cosmolattice.net
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Chiral instability
A+ / e⇡⇠ , |A�| ⌧ |A+|
A+ exponentially amplified 

'̇

Only  
one chirality  

of gauge field  
    then…  chiral GWs !

V(ϕ) +
ϕ

4Λ
FF̃ ⇒ A′ ′ ± + (k2 ± k ·ϕ

ΛHτ )A± = 0

(ξ ∝ ·ϕ)

We focus on a specific scenario, with a natural class of models of inflation

and with a mechanism of production / exp
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GW signal naturally grows at interferometer scales, while small at CMB
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Example, GW prediction
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Figure 4. Spectrum of GWs today h
2⌦GW obtained from a numerical integration of the dynamical

equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h

2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh

2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H

2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h
2⌦(AiMj)

GW (f), with f⇤|A5M5 ' 0.00346 Hz
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Transparencies worked out together with Paco Torrentí

Energy conservation

(
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➤ The first Friedmann equation is used to check the accuracy of the simulation.

Δe ≡
⟨LHS − RHS⟩
⟨LHS + RHS⟩
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➤ The first Friedmann equation is used to check the accuracy of the simulation.

➤ VVn: Velocity-verlet of accuracy order O(dtn)
Evolution algorithms:

➤ LF2: Staggered leapfrog, accuracy order O(dt2)
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Transparencies worked out together with Paco Torrentí

Gauge theories: Gauss constraint

➤ Preservation of U(1) & SU(2) Gauss constraints (for all integrators!)

∂iF0i = a2JA
0

(𝒟i)ab(G0i)b = a2(J0)a

Δg ≡
⟨ (LHS − RHS)2⟩

⟨ (LHS + RHS)2⟩

Gauge charges

_
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➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
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,
∂Ṽ

∂ |Φ̃ |
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∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Program variablesCosmoLattice —
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∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤
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➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)

Example:

<latexit sha1_base64="ijHEj9iyxcfqJ8+r0WeUblrqZOY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPUY9OIxYl6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c381hPXRsSqjuOE+xEdKBEKRtFKj/XeRa9YcsvuHGSVeBkpQYZar/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNy7J3Va48VErV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzRuNfg==</latexit>

T⇤

<latexit sha1_base64="3HwSR48LjAl+GPf3rzmSa/q1vWg=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0UQFyGJoa27ohuXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzlfueeSEUFv9XThAQxGnEaUYy0kdr95pgOzgblimNf1KueX4WO7Tg113Nz4tX8cx+6RslRAUs0B+X3/lDgNCZcY4aU6rlOooMMSU0xI7NSP1UkQXiCRqRnKEcxUUE2v3YGT4wyhJGQpriGc/X7RIZipaZxaDpjpMfqt5eLf3m9VEf1IKM8STXheLEoShnUAuavwyGVBGs2NQRhSc2tEI+RRFibgEomhK9P4f+k7dlu1fZv/ErjchlHERyBY3AKXFADDXANmqAFMLgDD+AJPFvCerRerNdFa8FazhyCH7DePgFip48H</latexit>

�⇤

<latexit sha1_base64="A17HvYb1VjBKSMqeeH1jt1dRl/c=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCiWRoi6LblxWsA9oQphMJ+3QycOZG6GEfoQbf8WNC0XcunDn3zhts9DWAwPnnnMvd+7xE8EVWNa3UVhaXlldK66XNja3tnfM3b2WilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7weuK3H5hUPI7uYJQwNyT9iAecEtCSZ546yYBX4Bg7iofsHjuNAfdOsAO6UjjwMkeGOFZ0rHs8s2xVrSnwIrFzUkY5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuphHRO91setQYH2mlh4NY6hcBnqq/JzISKjUKfd0ZEhioeW8i/ud1Uwgu3YxHSQosorNFQSowxHiSEO5xySiIkSaESq7/iumASEJB51jSIdjzJy+S1lnVPq/Wbmvl+lUeRxEdoENUQTa6QHV0gxqoiSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBva6dZQ==</latexit>

�(t) ' �⇤ ⇥ fosc(t)

<latexit sha1_base64="s5xlxvMni0+vGwQhq22/PcgfmCQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQPYRdCeox6MVjhLwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBZcG9f9dlIbm1vbO+ndzN7+weFR9vikpqNEMayySESqEVCNgkusGm4ENmKFNAwE1oPBw8yvj1BpHsmKGcfoh7QneZczaqzkV/LmkrQkDkmlfdXO5tyCOwdZJ96S5GCJcjv71epELAlRGiao1k3PjY0/ocpwJnCaaSUaY8oGtIdNSyUNUfuT+dFTcmGVDulGypY0ZK7+npjQUOtxGNjOkJq+XvVm4n9eMzHdO3/CZZwYlGyxqJsIYiIyS4B0uEJmxNgSyhS3txLWp4oyY3PK2BC81ZfXSe264N0Uik/FXOl+GUcazuAc8uDBLZTgEcpQBQZDeIZXeHNGzovz7nwsWlPOcuYU/sD5/AHWGZDb</latexit>

T (t) 6= T⇤

<latexit sha1_base64="JZVat4eIWApa43Xm9RG5Gz6dfqM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBeiiJFPUiFL14rGA/oAlhs920SzebsLsRSujf8OJBEa/+GW/+GzdtDtr6YODx3gwz84KEM6Vt+9sqra1vbG6Vtys7u3v7B9XDo66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gsld7veeqFQsFo96mlAvwiPBQkawNpIb+nV0g9z2mPl1v1qzG/YcaJU4BalBgbZf/XKHMUkjKjThWKmBYyfay7DUjHA6q7ipogkmEzyiA0MFjqjysvnNM3RmlCEKY2lKaDRXf09kOFJqGgWmM8J6rJa9XPzPG6Q6vPYyJpJUU0EWi8KUIx2jPAA0ZJISzaeGYCKZuRWRMZaYaBNTxYTgLL+8SroXDeey0Xxo1lq3RRxlOIFTOAcHrqAF99CGDhBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEVJJBt</latexit>

f⇤ = �⇤
<latexit sha1_base64="2XkZO/HpiZYGTbSrN257beeOAd4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjSRU2kqBuh6MZlhb6gDWEynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3YKe7u7R8cukfHLS1ThUkTSyZVJ0KaMCpI01DDSCdRBPGIkXY0epj57TFRmkrRMJOEBBwNBI0pRsZKoev2JCcDFJbhHfQvG2E5dEtexZsDrhI/JyWQox66X72+xCknwmCGtO76XmKCDClDMSPTYi/VJEF4hAaka6lAnOggm18+hedW6cNYKlvCwLn6eyJDXOsJj2wnR2aol72Z+J/XTU18G2RUJKkhAi8WxSmDRsJZDLBPFcGGTSxBWFF7K8RDpBA2NqyiDcFffnmVtK4q/nWl+lQt1e7zOArgFJyBC+CDG1ADj6AOmgCDMXgGr+DNyZwX5935WLSuOfnMCfgD5/MHDF6R/A==</latexit>

!⇤ = 1/T⇤

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵ Make period  
constant in 

<latexit sha1_base64="Dt/Nr537e163g3ZpUJdKH0cgahw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSRS1GPRi8cK9gObUDabSbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSAXX6DjfVmltfWNzq7xd2dnd2z+oHh51dJIpBm2WiET1AqpBcAlt5CiglyqgcSCgG4xvZ373CZTmiXzASQp+TIeSR5xRNNKjh1yE4AHSQbXm1J057FXiFqRGCrQG1S8vTFgWg0QmqNZ910nRz6lCzgRMK16mIaVsTIfQN1TSGLSfzy+e2mdGCe0oUaYk2nP190ROY60ncWA6Y4ojvezNxP+8fobRtZ9zmWYIki0WRZmwMbFn79shV8BQTAyhTHFzq81GVFGGJqSKCcFdfnmVdC7q7mW9cd+oNW+KOMrkhJySc+KSK9Ikd6RF2oQRSZ7JK3mztPVivVsfi9aSVcwckz+wPn8AqCmQ6w==</latexit>

⌘̃

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit>

{
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➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (inut.txt)
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➤ Equations solved in (dimensionless) program variables:

{α, ω*, f*}
dη̃ ≡ a−αω*dt
dx̃i ≡ ω*dxi

ϕ̃ =
ϕ
f*

Choose: φ̃ =
φ
f*

Φ̃ =
Φ
f*

Ã μ =
Aμ

ω*
B̃ a

μ =
Ba

μ

ω*
Space and time

Scalar 
fields

Gauge 
fields

➤ Write scalar potential and first and second derivatives in one file (model.h)

Ṽ(ϕ̃, | φ̃ | , | Φ̃ | ) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* | φ̃ | , f* | Φ̃ | )

∂Ṽ
∂ | φ̃ |

,
∂Ṽ

∂ |Φ̃ |
,

∂Ṽ
∂ϕ̃

, ∂2Ṽ
∂ | φ̃ |2 ,

∂2Ṽ
∂ |Φ̃ |2 ,

∂2Ṽ
∂ϕ̃2

,

➤ Parameters passed via one file (input.txt)
(no need to re-compile !)
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Axion-inflation 
extra stuff

_



Axion-Inflation
PROBLEM: PNG, GW and PBH Analytical approximations !

Let's "latticize" the system of EOM !

E(2)
i

B(4)
i

Lattice gauge 
techniques

_



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

E(2)
i

B(4)
i

DGF, Shaposhnikov 2017
Canivete, DGF 2018

Inflaton
EoM

Gauge
Fld 

EoM

Lattice gauge 
techniques

_



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

1. Lattice Gauge Inv:
2. Cont. Limit to 
3. Lattice Bianchi Identities: 

4. Topological Term: 

Aμ ⟶ Aμ + Δ+
μ α

𝒪(dx2)

Exact Shift Sym. on the lattice !

(CS current)
[   ]   

Δ−
i (B(4)

i + B(4)
i,+0̂

) = 0 , . . .

(FμνF̃μν)L = Δ+
μ Kμ

DGF, Shaposhnikov 2017
Canivete, DGF 2018

Inflaton
EoM

Gauge
Fld 

EoM

_



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

Inflaton
EoM

Gauge
Fld 

EoM

DGF, Shaposhnikov 2017
Canivete, DGF 2018

(Gauss Law) EoM
Continuum _



     LATTICE  FORMULATION  �FF̃
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Non-minimally coupled  
Scalar fields in  

the Jordan Frame

with 
A. Florio,  T. Opferkuch and B. Stefanek

SciPost, accepted ; 2112.08388 [astro-ph.CO]

Example III

End

https://arxiv.org/abs/2112.08388
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Transparency worked out with Adrien FlorioEnd
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Spectator fld 
non-min. Coupled

Transparency worked out with Adrien FlorioEnd
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Transparency worked out with Adrien Florio

Curvature Oscillates !
(sourced by Inflaton Oscillations)
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Non-minimally coupled Scalars 

ξ χ2R , ξ = 10,50,100

Geometric Preheating

The preheat field is  
excited exponentially

[Basset & Liberati ’99]

(sourced by Inflaton Oscillations)
Curvature Oscillates !

Transparency worked out with Adrien FlorioEnd
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Transparency worked out with Adrien Florio

ξ χ2R , ξ = 10,50,100

Geometric Preheating How is the preheat 
field excited?

[Basset & Liberati ’99]

Tachyonic term 
every time R < 0 
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Non-minimally coupled Scalars 

Transparency worked out with Adrien Florio

ξ χ2R , ξ = 10,50,100

Geometric Preheating How is the preheat 
field excited?

[Basset & Liberati ’99]
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Transparency worked out with Adrien Florio

ξ χ2R , ξ = 10,50,100

Geometric Preheating How is the preheat 
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[Basset & Liberati ’99]
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Geometric Preheating excitation (e.g. p = 4)

We can do it for any p
V( |ϕ |p ) ∝ |ϕ |p
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Non-minimally coupled Scalars 

Full non-linear Geometric Preheating
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Work in  progressWe can compare Jordan vs Einstein frames
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